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CHAPTER I 
INTRODUCTION 
Determining the optimum generation schedule for a power system has 
· been a basic problem in the electrical power industry for many years. 
The computations needed to determine the optimum generation schedule 
are becoming more complex and the need for greater accuracy increases, 
for a percentage savings represents total dollar savings on the 
ever-growing power systems. 
The most accurate method for determining the optimum generation 
schedule has come to be known as the phase-angle method. This method 
gives an optimum generation schedule for minimum fuel input where the 
fuel input is expressed in monetary units per unit of time. The only 
restriction placed on this method is that the voltage magnitudes remain 
�ixed for each iteration. This is a realistic restriction, for if no 
voltage need be fixed the principle that the higher the voltage the 
less the losses and the less the fuel input would apply. With one 
voltage magnitude fixed there will be at least one optimum voltage 
profile which will insure minimum fuel input cost to the system. 
The purpose of this thesis is to analyze the phase-angle method 
when applied to actual power system data. The data used were obtained 
from the Northwestern Public Service Company (NWPS) whose headquarters 
are in Huron, South Dakota. 
Good engineering judgment is necessary in choosing which elements 
of a system are critical for a practical solution of the economic 
scheduling problem, and selecting the best method of mathematical 
1 
representation to insure the highest degree of reliability. The load­
flow diagram will be analyzed to determine the proper values for the 
system loads and to determine which lines were connected in the system 
2 
. when the loads were monitored. Differentiation between the transmission 
and distribution networks will be obtained from an analysis of the 
impedance diagram in order to define the terminals to be used and the 
line impedances between all pairs of terminals. The heat-rate perfor­
mance curves for each generator were obtained in order to establish the 
fuel input versus power output characteristics. Differentiation of 
each power series yields the incremental production rate for each 
generator. 
For a system of four or more terminals, a computer should be 
utilized to perform the computations required by the phase-angle method. 
A general computer program exists to handle the various computations, 
provided the input data are not radical (or widely divergent), each term­
inal connects every other terminal, and at least one generator is 
connected to every terminal. A load bus or a terminal not having 
generation presents a particular problem, for an incremental rate of 
generation must be calculated at every terminal. The existing computer 
program will be revised to handle radical data and any possible combi­
nation of terminal connections. A method for calculating the incre­
mental rate on load buses will be demonstrated and this method will be 
incorporated into the revised program. 
CHAPTER II 
REVIEW OF LITERATURE 
Lagerstrom (1) developed the phase-angle method and showed how it 
gave an optimum generation schedule for minimum fuel input. The electri­
cal network was reduced to a set of transfer impedance magnitudes and 
angles. The incremental rates were obtained by differentiating the 
fuel input versus generator output characteristics,.which were described 
by the best fitting power series expansion. 
The total system input was expressed as a function of the voltage 
magnitudes and phase-angle differences among generator buses. The 
criteria for minimum input were found by setting the partial derivatives 
of the input with respect to the·variables equal to zero. The only 
restriction placed on the method was that the voltage profile be fixed. 
Thus, the voltage phase angles are the only variables and the problem 
reduces to finding the values of these angles which will make the 
partial derivatives equal to zero. The criteria may be summarized by 
where Pt denotes the total system input in monetary units. The indivi­
dual terms in these derivatives Xij are all of the general form 
r: EiEj ) 
= �1 B· . 
sin(Bij + oij • 
1.J 
An initial set of phase angles was assumed and with these the 
incremental rates �i were· calculated and inserted in� the c1·iteria. 
The derivatives were evaluated to determine which phase angle should be 
changed and the sign or the derivative was evaluated to determine the 
direction of the change. 
The method was applied to various two- and three-machine systems 
and to two systems consisting of tw generator buses and one load bus. 
The technique or solution tor the last two systems differed from the 
preceding systems. The generator bus angles were assumed and the power 
delivered to the load bus via one line was calculated. The load bus 
angle could then be determined. The power delivered via the second 
4 
line was then tµed as were the amounts of power generated. The incre­
mental rates and total derivatives were then determined and one genera­
tor bus voltage angle was changed. It was demonstrated that this new 
technique will work for a three-terminal system. However, this technique 
will not work for systems having three or more connections to the load 
bus. 
A desk calculator was used for all ca1culations. However, due to 
the degree of complexity of the problem for tour or more terminals, it 
was recommended that larger problems be programmed for a digital 
computer. 
Grimes (2) programmed the phase angle method tor a digital computer 
and presented a suitable iterative technique of solution. A method of 
rapid convergence, which is or utmost importance in any iterative 
solution, was demonstrated and can be summarized by 
Oinew = Oiold - Zi x CF 
where 01 is the voltage phase angle being corrected, Zi is the partial 
derivative of the total power input with respect to this phase angle, 
and CF is the correction or convergence factor. The convergence factor 
used :in this work was 0.01745 and was obtained by a trial-and-error 
approach. Further investigation into this factor was suggested, as it 
is the key to the solution and a trial-and-error method of determining 
a key is never completely satisfactory. 
Zi approaches zero as the computer iterates toward an optimum 
generation schedule. A decision must be made as to how close Zi should 
be to zero before an accurate solution is obtained. For the three­
machine system analyzed, the iteration process was stopped once Z1 
reached a value less than 0.001. It was concluded that in practice 
this accuracy would be entirely unnecessary for the fourth iteration 
produced results· within o. 000014i of an extremely accurate answer. 
Castillo (J) applied the phase angle method to an arbitrary system 
consi.sting of ten buses, three of which had no generation. Fictitious 
generators with very high incremental cost compared to the generating 
stations were assumed connected to these.load buses. In this situation 
it was found that the phase angle method will set small generation in 
the 1oad buses which means the load buses will be supplied with power 
transfered from the generating buses. 
The generation from the fictitious generators was found to be 
0.017 p.u. compared to 1.1 p.u. to 2. 7 p.u. for the generator buses. 
5 
It was concluded that this fictitious amount of generation was negli­
giblea but if the number of load buses increased, the fictitious .genera­
tion values could cause a substantial error in the scheduling. The 
solulion presented for this problem was to raise the cost of generation 
on the fictitious generators, but it is very questionable as to whether 
or not this will actually solve the problem. 
6 
Small variations in the phase angle on a load bus produce relatively 
large changes in the total power input compared to variations in phase 
angle on a generator bus. Two correction factors were therefore used, 
one for load buses and one for generator buses. It was demonstrated 
that by using two correction factor·s more accurate results could be 
obtained in fewer iterations. The choice of correction factors was 
still made by trial and error and further study was recommended. 
All buses were assumed connected to every other bus which is not 
the case in a real system. Further study was recommended to determine 
how to handle the calculations when all buses are not all connected. 
It was suggested that zero values be assigned to admittances between 
buses which are not connected. This presents a problem in computer 
storage and in computation time, for many computations wou1d be made 
when the outcome would be lmown to be zero. 
Johari (4) analyzed an arbitrary system consisting of four buses 
with four generators to find an expression for the optimum correction 
factor to be used in the phase angle method. It was stated that the 
slope of the corrected Z always had an opposite sign compared to any 
other z. It was concluded that the Z's with the largest and smallest 
absolute values are the only ones which play a vital role in determining 
the optimum correction factor. A mathematical formulation for the 
optimum correction factor was then presented. A general expression for 
the optimum correction is 
1 
where lz11I is the largest absolute value of Z, lz1l is the smallest 
7 
. absolute value of z, and on is the change in the angle delta corresponding· 
to lzM I. The only restriction on on was that it should not be less than 
o.oooo6 or greater than 0.008. Preference was shown for the value 
0. 0001. 
Two iterations were necessary before the correction factor could 
be calculated. The first iteration was performed and the phase angle 
corresponding to the largest absolute value of Z was changed by on• 
The second iteration was then performed and the optimum correction 
factor was calculated. This corre�tion factor was then used throughout 
the rest of the solution. 
Kirchmayer (5) discussed optimum generation scheduling when trans­
mission losses are neglected. This discussion would also apply when 
two or more generators are connected to the same bus. Optimum scheduling 
for minimum fuel input occurred when all generators were operated at the 
same incremental production cost. 
CHAPTER III 
SELECTION OF NETWORK DATA 
A. Analysis of Load-Flow and Impedance Diagrams 
The load-now diagram shown in Fig. 1, the impedance diagram shown 
in Fig. 2, and the generator capacities shown in Table I will be 
analyzed to determine which elements of the NWPS power system are 
critical for a practical solution of the economic generation scheduling 
problem. The nomenclature for the load-flow diagram are as follows1 
Load J----+ or 
Power flow 
Open connection 
Transformer 
Generator not in operation 
Generator in operation 
A => gross generation 
B => station requirements 
C => net generation 
I I 
8 
9 
Fig. 1. Load-flow diagram for the·NWPS system. 
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Fig. 2. Impedance diagram for the·NWPS system. 
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TABLE I. Generator Capacities 
Location Kilowatts 
Aberdeen 7,500 
5,000 
Faulkton 2,750 
Highmore 1,360 
675 
Huron 15,000 
Webster 1,984 
780 
Mitchell 7,500 
5,000 
Redfield 1,360 
1,360 
1,360 
The impedances listed on the impedance diagram are actual values. 
Various sections of the total system will be identif'ied by naming the 
towns at both ends of a radial section, or by naming various towns 
within a mesh section. 
ll 
The phase-angle method places no restriction on the number of 
voltage levels, 1ines, terminals, generators, etc., therefore, engi­
neering judgment must be employed in choosing which elements of the 
system are critical for a practical solution of the economic generation 
scheduling problem. An analysis of the various open connections shows 
that the to ta1 system was divided into four sections. The Clark-­
Bryant--Watertown section, the Woonsocket--Chamberlain section, and the 
12 
Tripp--Armour--Yankton section were each smaller in total loads than the 
Webster--Aberdeen--Huron--}fitchell section and, therefore, were not 
considered further. To determine the critical elements in the latter 
section, the Aberdeen area was analyzed first. One important fact must 
be lmown be.fore the system can be analyzed .further, that NWPS was 
buying all the power from neighboring systems that contracts would 
permit. 
The Groton--Webster section load of 4,920 KW was being supplied 
with 1,670 KW from Aberdeen, 1000 Kw· from the United States Bureau of 
Reclamation (USBR), and 2, 250 KW from generation at Webster. In order 
that this section not require power from Aberdeen, the Webster generator 
would have to generate 3,920 KW. This is impossible, for the Webster 
generator capacity is only 2,764 KW as shown in Table I. Therefore, 
this section was not considered critical and was reduced to a 1,670 KW 
load on the Aberdeen bus. The load flow diagram shows two lines from 
the 34.5 '¥3 bus to Westport with loads of J,000 KW and 8,200 KW. 
However, the impedance diagram shows only one line. Because or this 
discrepancy, the two lines could not be considered critica1 and were 
reduced to two loads on the J4.5 KV bus. One J4.5 KV line connects 
Aberdeen to the Redfield--Faulkton area. The load-now diagram shows 
the latter area to have a total load of 5,085 KW supplied with 500 KW 
from Aberdeen, 3,165 KW from the ll5 KV line, and 3,170 KW from the 
Redfield generator. This leaves loads totaling 1,?50 K".-1 unspecified on 
the diagram. Thus, the 34.5 KV line connecting the two areas was not 
considered critical and the 500 KW .from the Aberdeen area was considered 
lJ 
to be a load within the loop bus at Aberdeen. The network in the 
Aberdeen area now consists of three loads connected on the generation 
side of the loop bus, two loads connected within the loop, and two loads 
connected on the 115 KV side of the loop bus. The impedance diagram 
shows the loop bus to have small impedance compared to the 115 KV line 
impedance and it was therefore assumed that the two generators and the 
seven loads could be connected to the 115 KV bus without critical loss 
in accuracy. The seven loads were then added to give a total load of 
27,450 KW on the Aberdeen 115 KV bus. 
As implied in the previous discussion, the load-flow diagram shows 
the Red.field--Faulkton area having power input totaling 6,835 KW and 
loads totaling 5,085 KW leaving loads totaling 1,750 KW unaccounted for. 
The total capacity of the generators at Redfield and Faulkton is 
6,8JO KW, not quite enough to meet the load requirements. The impedance 
diagram shows that the three lines running from Faulkton toward Redfield 
have larger impedance values than the 115 KV lines of equal distance; 
therefore, locating the loads incorrectly could be a critical mistake. 
With these various factors in mind, the Redfield--Faulkton area was 
represented by one load connected to the 115 KV bus whose magnitude was 
equal to the power required by this area from the 115 KV line; thus 
creating a J,165 KW .load bus which, as will be shown later, takes special 
consideration as compared to a generator bus. 
The Huron area was next analyzed to deterndne its critical elements. 
The Wolsey--Highmore section of this area has a total power input of 
5,360 KW, while the generation capacity at Highmore is only 2,035 KW. 
256719 
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This section would not be able to deliver power to Huron and, therefore, 
was represented as a 4, 000 KW load on the J4.5 KV bus. The 4, 000 KW is 
the amount of power delivered to this section from Huron. A 34.5 KV 
line connects Huron and Mitchell with JOO KW leaving the Huron bus and 
7, 265 KW leaving the Mitchell bus. A quick analysis of the Mitchell 
)4.5 KV bus shows 9,585 KW leaving while ll,985 KW enters, leaving 
2,400 KW not accounted for. Therefore, the 34.5 KV line was not 
considered critical and was represented in Huron by a JOO KW load on 
the 34.5 KV bus. Another load of JOO KW exists on the J4.5 KV bus 
making a total load of 4,600 KW on this bu�. The impedance diagram 
shows no line impedance between the J4.5 KV bus and the 69 KV bus; 
therefore, the 4, 600 KW load was assumed connected to the 69 KV bus 
without loss of accuracy. The load-flow diagram shows the Huron 
generator--Willow Lake section to have one load at Willow Lake requiring 
800 KW of power. The impedance diagram shows four loads in this section. 
Because of this discrepancy and the fact that the individual load 
requirements can not be found, this section was represented by one load 
of 800 KW at the generator bus. The impedance diagram shows the imped­
ance of the line connecting the generator and the 69 KV bus to be small 
compared with the impedance of the ll.5 KV liner therefore, the generator 
and the two local loads were assumed connected to the 69 KV bus. The 
impedance of the line connecting the 69 KV bus to the ll5 KV bus is also 
small; thus the generator and the loads totaling 23, 860 KW which repre­
sent the Huron area were assumed connected to the ll.5 KV bus. 
The Mitchell area was the last to be analyzed. The load-now 
15 
diagram shows a J4. 5 KV line connecting Mitchell to Huron (line A) and 
a radial line with four loads (line B) connected to line A. The diagram 
shows these lines to have a total power input of 7,565 KW but a total 
load of 9,365 KW. The total power inputs and load requirements balance 
in the Huron area, leading to the conclusion that the 7, 265 KW reading 
in line A is in error. The total power input to the Mitchell J4. 5 KV 
bus is 11,985 KW. The three loads between Mitchell and Tripp require 
2,320 KW leaving 9,665 KW for line A instead of 7,265 KW. The problem 
is complicated even further when the impedance diagram is analyzed, for 
the impedance diagram does not show the existence of line B. The ques­
tion now arises as to whether the error is the 7, 265 Kvl reading in line 
A, one or more of the load readings, or a combination of both. Due to 
the discrepancy with the impedance diagram, the 7, 265 KW reading was 
accepted as a true reading and was used as a load on the 34.5 KV bus 
replacing lines A and B. The three loads between Mitchell and Tripp 
were also replaced by one 2,320 KW load. An analysis of the impedance 
diagram shows that the impedances in the lines between the generators 
and the 115 KV bus are small; thus the generators and loads were assumed 
connected to the 115 KV bus. A tie between NWPS and Northern States 
Power Company (NSP) also exists on this bus, with NWPS furnishing NSP 
with 13,000 KW. This wheeling of power is a load on the NWPS system 
and was added to the 11itchell loads resulting in a total load of 
30,985 KW on the 115 KV bus. 
The resulting system has two other tie points with other power 
companies, one at Ellendale and one at Huron (or Broadland). NWPS was 
receiving power at both tie points; therefore, the tie points were 
considered as generator buses having zero load. 
16 
The elements of the NWPS total ·system which were considered critical 
for a practical solution of the economic generation scheduling problem 
-have now been determined and are combined to form the mathematical 
representation of the system as shown in Fig. J, To convert the system 
data to p.u. ,  the nominal line voltage was used as the base KV (equal to 
11.5 KV). The base KVA was chosen to be 10,000 KVA; thus the base 
impedance was 1322 • .5 ohms. 
The critic al system to which the phas'e-angle me_thod will be applied 
dif'fers from any system analyzed in literature to date in that each 
terminal is not connected to every other tenninal, some buses have more 
than one generator connected to them, and all gen�rators do not have a 
.cost polynomial of the third degree, These differences will not affect 
the phase-angle method accuracy; however, they do present some problems 
in programming the method for a digital. computer. The solutions to 
these problems will be presented with the general computer program. 
B. Analysis of Heat-Rate Characteristics 
The phase-angle method gives an optimum generation schedule for 
minimum fuel inputa therefore, it is necessary to evaluate the cost 
input to each generating plant as a function of generator output. 
Because of the degree of precision required in applying the economic 
criteria, and because of the sensitivity of the criteria, the input­
output data must be as accurate as possible - probably more accurate 
than in other problems. An accurate representation of the input-output 
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Fig. J. The critical system determined from the NWPS total system. 
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data can be obtained by programming the whole curve in the computer. 
The heat-rate performance data for the generator at Huron, the 
heat-rate performance curves for the generators at Aberdeen and Mitchell, 
and the fuel cost were the only data available from NWPS to use in deter­
mining the input-output curves of the generators. The heat-rate curves 
for the two generators at Aberdeen and Mitchell are shown in Figures 4, 
5, 6, and 7. How accurate are these heat-rate curves? The original 
data point listings and the original drawings of these curves no longer 
exists however, copies or the original drawings do exist. NWPS estimates 
these copies to be approximately 25 years 't>ld. These old copies are 
used for Figures 4, 5, 6, and 7 (in the original thesis only) to show 
the importance of retaining the original data. The existing curves do 
not pass through each data point and the smaJ.l graphing division lines 
are fading away, making it difficult to elicit data from various portions 
of the curves. I£ the original data had been retained, the curves could 
have been redrawn for greater accuracy. However, because these curves 
represent the only available information on the heat-rate performance of 
the generators at Aberdeen and Mitchell, the assumption had to be made 
that the curves were accurate. I£ this assumption had not been made, 
the determination of the input-output curves would not have been 
possible. Table II shows the heat-rate performance data for the 
generator at Huron. 
The units of the heat-rate curves are Btu per KW-hr of generation 
versus kilowatt loadings. By analyzing each curve and assuming various 
Values of loading, the corresponding values of Btu per KW-hr were 
Fig. 4. Heat-rate performance curve for Aberdeen Generator-1. 
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TABLE II. Heat-Rate Performance Data for Huron Generator 
Kilowatts 
5,000 
8 ,000 
9 , 000 
10 ,.500 
12 ,600 
13,900 
Btu/KTll-hr 
22 ,739 
17,850 
17 ,792 
16 ,513 
1.5, 629 
1.5 ,284 
• determined. These vaJ.ues of Btu per KW-hr were then multiplied by their 
corresponding kilowatt loading, resulting 'in data in units of Btu per 
hour versus kilowatts. At the time the loads on the load now diagram 
were recorded, gas was being used as fuel for each generator at a cost 
of 31¢ per million Btu. The data in units o:f Btu per hour were then 
multiplied by this cost. The results of the forementioned calculations 
were a set of data relating the fuel input in dollars per hour to the 
power output in kilowatts. For the generators at Aberdeen and Mitchell, 
18 to 22 input-output data points were calculated. The input-output 
data points for the Huron generator were determined in a similar manner ; 
however, only five points corresponding to the heat-rate data were 
calculated. 
The best method for utilizing the input-output data in a computer 
solution is to represent the data by the equation of its curve. Since 
these curves are generally nonlinear, they were approximated by polyno­
lllials of various degrees. To perform the calculations, a computer 
program for polynomial regression was obtained from the South Dakota 
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State University computing center. This program first approximates the 
data with a polynomial of the first degree. It calculates the inter­
cept and the coefficient and then performs an analysis of variance for 
the polynomial. The program then approximates the data with a polyno­
mial of the second degree. If no reduction in the residual sum of 
squares between two successive degrees of the polynomials occurs, the 
program teminates before completing the analysis for the highest degree 
of polynomial specified. If a reduction in the residual stll11 of squares 
does occur, the program will try a polynomial of the next higher degree 
until it has completed the analysis for the highest degree of polynomial 
specified. 
The input-output data for the five NWPS generators only required 
polynomials of the second and third degree before no reduction in the 
residual sum of squares took place. A set of data for the Broadland 
tie point was input to this program to serve as a program accuracy check. 
It was known that the input-output curve was a polynomial of the first 
degree, for power purchased at this tie point cost $JO. OD per megawatt­
hour regardless of the amount of power being purchased. The program 
result for this tie point was a polynomial of the first degree with a 
coefficient of J0. 000000 and an intercept of -0. 0000095J674J. This 
calculated intercept differs from the known intercept of 0. 0 by such a 
small amount that the program is said to be accurate. The coefficients 
of the input-output curves or the cost polynomials as determined by the 
computer program are shown in Table III. 
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TABLE III . Coefficients of Cost Polynomials 
Generator CONST CCPl CCP2 CCP3 
Ellendale o.o 48.o o . o  o. o 
Aberdeen-1 ll.31424 50.15878 100.6257 116.1692 
Aberdeen-3 16.76059 2.30759 29. 25377 o . o  
Broadland o . o JO. O o . o  o . o 
Huron 18.85559 Jl. 81847 1 .415023 o . o  
Mitchell-2 5 . JJ7418 72. 34572 -61.82596 52.450.56 
Mitchell-J 16 .99292 0.17012 Jo . 53409 o. o 
CHAPTER IV 
PREPARATION OF COMPUTER PROGRAM 
A. Revisions Based on Arbitrary Systems 
The computations required by the phase-angle method are of a 
complexity to require the use of a computer for practical solution of 
the optimum generation scheduling problem. If the approximate results 
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are not known before the computer is utilized, a me.thod must be devised 
to check the accuracy of the program before accuracy of the results can 
be assured. The existing computer program was revised to perform the 
required phase-angle method computations for any system having any 
number of buses, with the restrictions that each bus must be connected 
to every other bus, and that at least one generator be connected to every 
bus. This revised ( or basic ) program is shown in Fig. 8. To check the 
accuracy of this program , the data for the arbitrary four-bus system 
investigated by Johari were used. The results from the basic program 
compared exactly for each iteration with the results obtained by Johari ; 
therefore, the basic program was considered accurate. The initial values 
of the phase angles were changed to 0 . 50000 , the value of correction 
factor was changed to 0. 0050, and the solution shown in Table IV was 
obtained. This basic four-bus system solution was used to determine 
the accuracy of each revision made on the basic program in developing 
a program to handle the NWPS system. 
To revise the basic program to handle the NWPS system , an arbitrary 
five-bus system was used. This five-bus system consisted of the basic 
four-bus system plus a special fifth bus assumed as a load bus with zero 
Fig. 8 .  Basic computer program for restricted systems . 
C 
D I ME NS I ON R < 9 , 9 ) , X ( 9 t 9 ) t B C 9 , 9 ) , BA < 9 , 9 ) , P L ( 9 ) , C ( 9 , 9 ) , VA ( 9 ) t E C 9 ) t DVA 
2 < 9 , 9 ) t P G < 9 > , P GC ( 9 ) , Z ETA C 9 ) , Z C 9 )  
C R E AD  N UMBER O F  BUS ES 
R EAD ( l l , l OO > N 
WR I T E ( l 2 , 2 00 ) N 
M= N- 1 
C 
C READ  L I NE I MP E DANCES  R AND X 
WR I T E ( 1 2 , 2 0 1 ) 
C 
DO 2 I =  1 , M 
K = I + l  
DO 2 J = K , N  
R EAD ( l l , l O l ) R C I , J ) , X ( I , J )  
8 ( I , J > = SQR T  ( R < I , J l *R  ( I , J > + X ( I , J )  * X ( I , J )  ) 
B ( J , I ) = B ( I , J )  
B A ( I , J ) = AT AN 2 ( X ( I , J ) , R C l , J ) )  
BA  ( J ,  l > = BA  ( I , J > 
R C J , l ) = R C I , J )  
X < J , I  ) = X <  I , J )  
2 WR I T E ( l 2 , 20 2 > I , J , R < I , J ) , X ( I , J ) , B ( I t J ) , BA ( l , J )  
C R EAD BUS  LOADS  
RE  AD ( 1 1 , 1 02 ) < PU I ) , I =  1 ,  N > 
WR I T E ( 1 2 , 204 ) < I , PL ( I ) , I = l , N )  
C 
C R EAD NUMBER  OF  I T ERA T I ONS  PERM I T T ED -- I T  
READ ( l l , l OO ) I T  
C 
C 
WR I T E < 1 2 , 2 06 ) 1 T  
R EAD COEFF I C I EN T OF  COS T  POLYNOM I AL I N  ASCEND I NG ORDER  
READ ( l l , 1 04 ) ( C ( l , I ) , C ( 2 , l ) , C ( 3 , I > , C ( 4 , I ) , I = l , N )  
WR I TE ( l 2 t 2 07 ) < r , c < 1 , 1 , , c c 2 , r , , c < 3 , I ) , C ( 4 , I ) t l • l t N )  
l\) 
� 
Fig. 8 (continued) 
C R EAD  B US VOL TAGES 
R EA D C l l , 1 02 ) < E < I > , I = l , N )  
C 
WR I T E < 1 2 , 2 0 3 ) < I , E < I > , I = l , N )  
C READ  I N I T I A L VOL T A G E  A NG L E S  -- VA 
R EAD ( l l , 1 02 ) < VA < I > , I = l , N > 
C 
WR I T E ( l 2 , 2 0 9 ) < I , VA ( l ) , I = l , N >  
C R EAD  C F  
R E AD ( l l , 1 1 4 ) CF 
WR I T E ( 1 2 , 2 2 5 J C F  
C 
C 
WR I T E ( 1 2 , 2 2 1 ) 
DO 9 0 I I = l , I T  
C EVALUAT E  VOL T AG E  A NG L ES B ETWEEN  BUSES 
DO 4 I = l , N 
DO 4 J= l , N 
C 
4 I F < I . N E. J >  DVA < l , J ) = VA ( I ) -VA C J )  
C EVALUA T E  POW E R  GENERA T ED 
DO 5 I =  1 ,  N 
C 
C 
P G  ( I )  = P L ( I >  
DO 5 J = l , N  
5 I F < I . N E. J )  PG C l ) = PG ( l ) + ( - E C l ) * E ( J ) *COS C BA C l , J ) +OVA ( l t J ) ) + E ( I ) *E < I >  
2 *COS C BA < I , J > ) ) /B  < I ,  J )  
EVA LUA T E  GENERA T I ON COS T 
P G T C = O . O  
DO 6 I = l , N  
PGC C I > = C C 1 , l > +PG ( I ) * ( C C 2 , I J +PG C I > * C C C 3 , I J +PG C I ) *C C 4 , J ) ) )  
6 PG TC= PG TC+PGC C I )  � 
Fig. 8 (continued) 
C E VA L UA TE I NC REMEN TA L  PRODUCT I ON R A T E 
DO 1 I =  1 ,  N 
Z E TA ( I > = C ( 2 t l ) + PG C I > * ( 2 • *C ( 3 , I l + 3 • *PG < I > *C ( 4 t l ) )  
DO 1 J = l , N 
7 I F C I . N E . J > X C I , J ) = Z ET A C I > * E < I > * E C J ) * S I N C BA < I , J ) +DVA < I , J ) ) / B ( I , J )  
C 
C EVALU A T E  TOT A L  DER I VA T I VES -- Z ( I ) 
DO 8 1 = 1 ,  N 
C 
Z ( l ) = 0 . 0  
D O  8 J = l , N  
8 I F < I . N E . J > Z < I > = Z < I > +X < I , J ) -X ( J , I ) 
DO  3 9  K = l , N  
3 9  WR I T E < 1 2 , 2 2 2 ) K , VA C K > , Z C K ) , PG < K > , PGC ( K )  
WR I T E ( 1 2 , 2 2 3 ) I I , PG T C  
C S E LE C T  Z ( I )  W I TH LARGEST  MAGN I T UD E · -- ZM  
ZM=ABS < Z C l ) )  
L L = l  
DO 9 J = 2 , N  
I F < ZM . GT . AB S ( Z ( J ) ) )  G O  T O  9 
ZM= ABS < Z ( J ) )  
L L = J  
9 CON T I NUE 
97 I F C Z M . L T . 0 . l ) GO TO 4 5  
VA ( Ll ) =VA ( L L J -Z C L L ) *C F  
9 0  CONT I NUE 
WR I TE ( 1 2 , 2 2 6 ) 
GO TO  6 00 
4 5  WR I T E ( l 2 , 2 24 ) 
600 CON T I NUE  
� 
Fig. 8 (continued) 
1 0 0  FORMAT ( I 5 )  
1 0 1  FORMAT C 2 F2 0. 1 0 )  
1 0 2  FORMAT C 6 F l 0. 5 )  
1 0 4  FbRMA T < 4 F 2 0. 1 0 ) 
1 1 4 FORMAT C F I 0. 5 ) 
2 0 0  FORMAT < - 1 - , l O X ,-NUMBER  O F  BUSES I S- , ! 3 / )  
2 0 1 FORMA T < -0 - l O X - L I N E A N D  T RANSFER  I MP EDANC ES-/ l OX- T E RM I NALS� 5 X -R -7X 
2 -X- 7 X- B-7 X-BA- ) 
2 0 2 FORMAT ( - - , l O X , I 3 , I 4 , F l 0 . 3 , 2 F8 . 3 , F l 2 . 7 > 
2 0 3 FORMAT < -0 - l OX-BUS VOL TAGES  - CON S T A N T - / 1 3 X -BUS VOL TAGE-/ ( - - l l X ( 
2 1 3 , F l l . 5 ) ) )  
2 0 4 FORMAT ( - 0- l O X -B US LOA DS - CON S T A N T- / 1 3 X -BUS  LOA D- I C - - 1 1 X C I 3 , F 1 0  
2 . 4 ) ) )  
2 0 6 FORMAT < -0 - , I O X , -N UM B E R  O F  I T E R A T I ONS  P ER M I T T ED  I S- , I 4 )  
2 0 7  FORMAT ( -0- l O X -COE F F I C I E N T S  O F  COST  POL YNOM I A L I N  ASCEND I NG  OR DER- / 
2 - / , 1 3 X , - BUS- , 5 X , - coNS T- , s X , -ccP 1 - , 9 X , -c c P 2 - , 9 x , -ccP 3-/ ( - - , 1 1 x , < r 3 
3 , 4 F l 3 . 5 )  ) )  
2 0 9 FORM A T < -0- l O X - I N I T I A L VOL T AGE  ANGL E S- / 1 3 X-BUS  A NG L E- / ( - - 1 1 X C I 3 , · 
2 F l l . 5 ) ) ) 
2 2 1  FORMA T ( - 1 - l O X- I T  PG TC-8 X-BUS  VA- 8 X-Z-9 X-PG-8 X-PGC- / ) 
2 2 2  FORMAT ( 2 4X , I 5 , F l l . 5 , 2 F l 0 . 5 , F l l . 5 )  
2 2 3  FORMAT ( l 1 2 , F l 2 . 6 / / ) 
2 2 4 FORMAT ( - - l OX-LAS T  VA L U ES A R E  OPT I MUM- ) 
2 2 5  FORMAT C -0 - l O X-COR R EC T ! ON FAC TOR I S- F l 0. 5 / )  
2 2 6  fORMAT < -0- l O X -ACCURACY  C R I T E R I A  NOT  SAT I S F I ED- > 
END  
\.A) 
0 
TABLE IV. INPUT AND SELECTED RESULTS FOR FOUR-BUS SYSTEM 
NUMBER OF BUSES IS 4 
LINE AND TRANSFER IMPEDANCES 
TERMINALS R X 
1 2 0.100 0. 200 
l 3 0. 200 0. 300 
l 4 0.100 0. 300 
2 3 0.150 0. 250 
2 4 0.200 0. 300 
J 4 0.100 0.100 
BUS LOADS - CONSTANT 
BUS LOAD 
1 0. 5000 
2 0. 5000 
3 0. 5000 
4 0. 5000 
B 
0. 224 
0. 361 
0. 316 
0. 292 
0.361 
0.141 
NUMBER OF I'IERATIONS PmMITTED IS 12 
BA 
1.1071482 
0.9827933 
1. 2490454 
1. 0303764 
0.9827933 
0. 7853981 
COEFFICIENTS OF COST POLYNOMIAL IN ASCENDING ORDER 
BUS CONST CCPl CCP2 CCPJ 
1 2. 28000 0. 52000 O. J8000 0. 04000 
2 1. 59000 0. 75333 o.44000 0. 02667 
3 1. 04ooo 1.16JJJ o.84002 -0.01333 
4 1.40000 0.60000 0. 50000 0. 02000 
BUS VOLTAGES - CONSTANT 
BUS VOLTAGE 
1 1. 00000 
2 1. 00000 
3 1. 00000 
4 1. 00000 
INITIAL VOLTAGE ANGLES 
BUS ANGLE 
l 0. 5000000 
2 0 . 5000000 
J 0. 5000000 
4 0. 5000000 
CORRECTION FACTOR IS 0. 005000 
31 
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TABLE I.V (continued) 
IT PGTC BUS VA z PG PGC 
1 0. 50000 -4. 14221 0.50000 2.64000 
2 0.50000 -0.93393 0.50000 2. 08000 
3 0.50000 9. 13982 0.50000 1. 83000 
4 0.50000 -4.06368 0.50000 1. 82750 
1 8. 377499 
1 0.50000 -2.61674 0.60703 2. 74462 
2 0.50000 1.77673 0.63620 2. 2.5423 
J 0.4_5430 -1.49401 o.04047 1. 08845 
4 0. 50000 2. 33401 0. 73364 2.ll719 
2 8. 204494 
1 0.51308 -0.97151 0. 73007 2.87774 
2 0.50000 1.02201 o .,58404 2.18537 
3 0.4_5430 -1.91513 O. Oll37 1.05333 
4 0.50000 .1. 86463 0.69447 2. 06452 
8.180965 
1 0.51308 -1. 28788 0.70721 2. a.5195 
. 2  0.50000 · o.47460 0.55521 2. 14845 
3 o.46388 0. 26605 0.10596 1. 17269 
4 0.50000 0. 54723 o.64467 1. 99996 
4 a.173051 
1 0.51952 -o.46696 0. 76795 2.92155 
2 0. 50000 0.10160 0.52966 2. 11641 
J o.46388 o. 04942 0.09164 1.15366 
4 0.50000 0.31594 0.62,546 1.97577 
5 8. 167398 
1 0.52186 -0.16676 0. 79002 2. 94770 
2 0.50000 -0.03456 0.52042 2. 1<>498 
J o.46J88 -0.02989 o.08647 1. 14686 
4 . 0.50000 0. 23121 0.61851 1.96711 
6 8.166659 
1 0.52186 -0.12475 0. 79351 2.95188 
2 0. 50000 -0.01661 0. 52309 2.10827 
3 o.46388 0. 12868 0.09204 l. 1_5418 
4 o. 49884 0.01268 0.60642 1.95218 
7 8. 166517 
JJ 
TABLE IT (continued) 
IT PGTC BUS VA z PG PGC 
l 0 • .52186 -0. 10279 0. 7950.5 2. 95373 
2 0. 50000 0.0200.5 0 • .52502 2. 11066 
3 o. 46323 -0. 01816 0. 08566 1.14581 
4 o. 49884 0.10090 0.60975 1. 9.5628 
8 8.166477 
1 0. 52237 -0. 03643 0.79991 2.95957 
2 0. 50000 -0. 01007 0. 52299 2.10815 
3 o.46323 -0.03.569 o. o845J 1.14433 
4 o.49884 0.08219 0.60822 1.95440 
9 8.166441 
LAST V ALOES ARE OPTIMUM 
load. The zero-load assumption affected the power generated on bus five 
by only an arbitrary constant; it did not affect the accuracy of the 
method of solution. A fictitious generator with very high incremental 
cost compared to other generating stations was assumed connected to this 
bus as suggested by Castillo. This fifth bus was assumed connected to 
every other bus by lines of high impedance compared to the existing 
lines connecting the four-bus system to restrict the amount of power 
flow in these lines. Thus, the five-bus system consisting of five buses 
each having the same voltage magnitude and initial phase angle, each 
having one generator and one local load, and each connected to every 
other bus was as genuine as the four-bus system. However, the generator 
connected to bus five was fictitious-, the local load was zero, and the 
impedance of the lines connecting this bus to all other buses was very 
high. If the assumptions that buses which are not physically connected 
can be assumed connected by fictitious lines of high impedance and that 
fictitious generators can be assumed connected to load buses are valid, 
the solution for the five-bus system would have to be the same as for 
the four-bus system. Therefore, in trying to obtain a practical solu­
tion for the five-bus system, only 12 iterations were permitted. 
Lines of high impedance can be obtained by assuming the resistance 
and reactance large, the resistance small and the reactance large , or 
vice versa. With the resistance and the reactance both large, the 
largest magnitude of the partial derivatives of the total fuel input to 
the system with respect to each phase angle (or Zi) occurred with 
respect to the fifth bus for each iteration. Therefore, the phase angle 
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on bus five was changed for each iteration and no practical solution was 
obtained. The system was input to the computer with the resistance zero 
and the reactance large. The correction factor was varied from a 0. 0040 
to 0. 0048 in steps of 0. 0002. The only practical solution, shown in 
Table V, was obtained when the correction factor was 0. 004. This solu­
tion did not compare favorably with -the four-bus solution, for the four­
bus solution had less total input cost after three iterations than the 
five-bus solution after 12 iterations. An analysis of the phase angles 
shows that many iterations were wasted changing the phase angle on bus 
five a for a change in this phase angle did not cause a decrease in the 
total input cost, but rather caused the cost to remain the same or 
increase. The system was then input·to the computer with the resistance 
large and the reactance zero. The correction factor was again varied 
from 0. 0040 to 0. 0048 in steps of 0. 0002 resulting in three practical 
solutions for values of correction factor of 0. 0040, 0. 0042, and 0. 0044. 
The most economical solution was obtained when the correction factor was 
0. 0042. Table VI shows this solution along with the last iteration for 
the correction factors of 0. 0040 and 0. 0044. The total input cost for 
these three solutions only varied from 8. 18.511 to 8. 18.565. An analysis 
of the most economical solution shows that Z5 was the largest in magni­
tude twice and , therefore, the phase angle on bus five was changed twice. 
Each time this phase angle was changed, the magnitudes of the Z1 ' s 
decreased but the total input cost did not. Since the optimum solution 
was being determined as a function of the magnitudes of the Z1's, a 
solution was reached before the total input cost was at a minimum. This 
TABLE V. INPUT AND SEL�TED RESULTS FOR FIVE-BUS SYSTEM WITH 
LINE RESISTANCE ZERO AND REACTANCE LARGE 
NUMBER OF BUSES IS 5 
LINE AND TRANSFER IMPEDANCES 
TERMINALS R X B 
l 2 0. 100 0. 200 0. 224 
1 J 0. 200 O. JOO 0. 361 
1 4 0.100 0. 300 0. 316 
1 5 o. o 9999. 0009998. 996 
2 3 0.150 0.250 0. 292 
2 4 0. 200 0. 300 0. 361 
2 5 o. o 9999. 0009998.996 
3 4 0.100 0. 100 0.141 
3 5 o. o 9999. 0009998.996 
4 5 o. o 9999. 0009998.996 
BUS LOADS - CONSTANT 
BUS LOAD 
1 0. 5000 
2 0 • .5000 
3 0 • .5000 
4 0 • .5000 
5 o. o 
NUMBER OF ITERATIONS PERMITTED IS 12 
BA 
1. 1071482 
0. 9827933 
1.24904.54 
1. .5707960 
1.0303764 
0.9827933 
1. 5707960 
0. 78.53981 
1. 5707960 
1. 5707960 
COEFFICIENTS OF COST POLYNOMIAL IN ASCENDING ORDER 
BUS CONST CCPl CCP2 CCPJ 
1 2. 28000 0. 52000 O. J8000 0. 04000 
2 1. 59000 0. 7.5333 o. 44000 0. 02667 
3 1. 04000 1. 16333 o. 84002 -0. 01333 
4 1. 40000 0. 60000 0 • .50000 0. 02000 
5 999999. 00000 999999. 00000 999999. 00000 999999. 00000 
BUS VOLTAGES - CONSTANT 
BUS VOLTAGE 
1 1.00000 
2 1.00000 
3 1.00000 
4 1. 00000 
5 1. 00000 
J6 
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TABLE V (continued) 
INITIAL VOLTAGE ANGLES 
BUS ANGLE 
1 0. 5000000 
2 0. 5000000 
3 0. 5000000 
4 0. 5000000 
5 0. 5000000 
CORRECTION FACTOR IS 0. 00400 
IT PGTC BUS VA z PG PGC 
1 o. 50000-104.15204 0. 50000 2. 64000 
2 o. 50000-100.94373 p. 50000 2. 08000 
3 0. 50000 -90. 86992 0. 50000 1. 83000 
4 o. 50000-104.07349 0. 50000 1. 82750 
5 0. 50000 400.03882 o. o 0. 00000 
l 8. 377499 
l 0. 50000 -1. 20916 0. 50010 2.64009 
2 0. 50000 1.99919 0. 50010 2. 08012 
3 0. 50000 12.07378 0. 50010 1. 83020 
4 0. 50000 -1.13058 0. 50010 1. 82761 
5 -1.10015 -11.73324 -0.00040 0. 00000 
2 8. 378024 
1 0. 50000 0. 39839 0.61330 2.75107 
2 0. 50000 4.85936 o.64415 2. 26495 
3 o.45170 -3.97610 0.01500 1.05764 
4 0. 50000 5. 62592 0.74731 2.13597 
5 -1.10015 -6. 90756 -0. 00040 0.00000 
3 8. 2096)4 
l 0. 50000 -2.36233 o. 61330 2. 75107 
2 0. 50000 2. 09864 o. 64415 2. 26495 
3 o.45170 -6 . 73567 0.01500 1. 05764 
4 0. 50000 2. 86520 0 , 74731 2.13597 
5 -1. 072.52 4.1)417 -0, 00040 0.00000 
4 8. 2096)4 
1 0. 50000 -3, 23841 0. 54972 2.687JJ 
2 0. 50000 0. 52300 0. _563JO 2.1.5873 
3 o.47865 2.15527 0. 28317 1. 43647 
4 0. 50000 -0. 88315 0. 60799 1. 95412 
5 -1. 07252 1.44329 -0. 00040 0.00000 
5 8. 236652 
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TABLE V ( continued) 
IT PGTC BUS VA z PG PGC 
1 0 • .5129.5 -0. 33894 0. 67108 2. 81218 
2 0. 50000 -0. 20317 0. 51165 2. 09420 
J o.4786.5 1. 71499 0. 2.5384 1. J8921 
4 0. 50000 -1. 32186 0 • .56922 1.90722 
5 -1. 072.52 0. 14898 -0.00040 0.00000 
6 8. 202811 
1 0 • .51295 -0.10414 0.68729 2. 82988 
2 0. 50000 0.19708 0 • .53212 2.ll947 
3 o.47179 -0. 55769 0.18,511 1. 2840.5 
4 0. 50000 -0. 369.54 o.60436 1. 94965 
5 -1.07252 o. 83429 -0.00040 0. 00000 
7 8. 183044 
1 0.5129.5 0. 22927 0. 68729 2. 82988 
2 0 • .50000 0 • .530.54 0 • .53212 2. ll947 
J o.47179 -0. 22434 0. 18511 1. 28405 
4 0 • .50000 -0.03609 o. 60436 1.94965 
.5 -1. 07586 -0.49938 -0. 00040 0.00000 
8 8.183044 
1 0 • .5129.5 0. 35034 0.69.584 2. 83931 
2 o.49788 o. 04107 0 • .51246 2. 09518 
3 o.47179 -0. 10122 0.1912.5 1. 29312 
4 0. 50000 -0. 0029.5 0.60926 1.9.5567 
5 -1.07.586 -0. 2872.5 -0.00040 0. 00000 
9 8. 18J287 
1 0. 511.5.5 0.03368 0. 68266 2. 82479 
2 0.49788 0.12086 0 • .5].802 2. 10202 
3 o.47179 -0.0.5347 0.19439 1. 29779 
4 0. 50000 o. 04620 0. 61344 1.96084 
5 -1. 07586 -0.14727 -0. 00040 0. 00000 
10 8.185441 
1 0. 511.5.5 -0. 02.521 0. 68266 2. 82479 
2 0. 49788 0.06197 0. 51802 2. 10202 
3 o.47179 -0. 1123.5 0.19439 1. 29779 
4 0. 50000 -0.01270 0. 61344 1. 96084 
5 -1. 07.527 0. 08829 -0. 00040 0. 00000 
ll 8.18.5441 
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TABLE V ( continued) 
IT PGTC BUS VA z PG PGC 
1 0. 51155 -0. 04050 0.68159 2 . 82363 
2 0.49788 O. OJ,588 0. 51668 2 .10037 
3 o.47224 O. OJ6JO 0.19889 1. 30449 
4 0 • .50000 -0.07.509 0.61113 1.95799 
.5 -1.07.527 o.04341 -0.00040 0.00000 
12 8.186479 
LAST V ALOES ARE OPTIMUM 
TABLE VI. INPUT AND SELEX:TED RESULTS FOR FIVE-BUS SYSTEM WITH 
LINE RESISTANCE LARGE AND REACTANCE ZERO 
NUMBER OF BUSES IS 5 
LINE AND TRANSFER D1PEDANCES 
TERMINALS R X B 
l 2 0.100 0. 200 0. 224 
l J 0. 200 0. 300 0. 361 
l 4 0.100 0. 300 0. 316 
l 5 9999.000 o. o 9998. 996 
2 J 0.150 0. 250 0. 292 
2 4 0. 200 0. 300 0. 361 
2 5 9999.000 o. o 9998.996 
3. 4 0.100 0.100 0.141 
3 5 9999. 000 o. o 9998.996 
4 5 9999. 000 o. o 9998.996 
BUS LOADS - CONSTANTS 
BUS LOAD 
1 0. 5000 
2 0. 5000 
J 0.5000 
4 0.5000 
5 o. o 
BA 
· 1.1071482 
0.9827933 
1. 2490454 
o. o 
1. 0303764 
0.9827933 
o. o 
0. 7853981 
o. o 
o. o 
NUMBER OF ITERATIONS PERMITTED IS 12 
COEFFICIENTS OF COST POLYNOMIAL IN ASCENDING ORDER 
BUS CONST CCPl CCP2 CCPJ 
1 2. 28000 0. 52000 o. 3aooo o. 04000 
2 1. 59000 0.75333 o.44000 0. 02667 
J 1.04000 1.16333 o. 84002 -0.01333 
4 1. 40000 0.60000 0. 50000 0. 02000 
5 999999. 00000 999999. 00000 999999. 00000 999999. 00000 
BUS VOLTAGES - CONSTANT 
BUS VOLTAGE 
1 1.00000 
2 1.00000 
3 1.00000 
4 1. 00000 
5 1. 00000 
40 
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TABLE VI (continued) 
INITIAL VOLTAGE ANGLES 
BUS ANGLE 
1 0. 5000000 
2 0. 5000000 
3 0. 5000000 
4 0. 5000000 
0. 5000000 
CORRECTION FACTOR IS 0. 00420 
IT PGTC BUS VA z PG PGC 
1 0 • .50000 -4. 14221 0 • .50000 2.64000 
2 0 • .50000 -0. 93393 ;0 • .50000 2. 08000 
3 0 • .50000 9.13982 0 • .50000 1. 83000 
4 0 • .50000 -4.06368 0 • .50000 1. 82750 
5 0. 50000 o. o o. o o . o 
1 a. 37750 
l 0. 50000 -2. 8.50.56 0 • .58970 2. 72699 
2 0 • .50000 1. 3.5291 0. 61417 2 . 22482 
3 o.46161 -J. 66130 O.ll279 1. 18187 
4 0 • .50000 1.32078 0.695.57 2.06.598 
.5 0 • .50000 J. 83817 0.00000 o. o 
2 8.19966 
1 0. 50000 -1. 23844 0 • .58970 2. 72699 
2 0. 50000 2.96.504 o. 61417 2. 22482 
3 o.46161 -2.04987 0.11279 1. 18187 
4 0. 50000 2.93291 0. 69.557 2. 06.598 
5 o. 48388 -2.60964 0.00000 o. o 
3 8.19966 
1 0 • .50000 -0 • .53784 0.63966 2. 77858 
2 o.4875.5 0.08701 o.498.58 2.07828 
3 o.46161 -1. 3301.5 0.14869 1. 23150 
4 0. 50000 3. 14,524 0.72443 2. 10466 
5 o. 48388 -1. 36426 0.00000 o. o 
4 8.19302 
1 0 • .50000 -0.07297 0. 67938 2. 82121 
2 o. 487.5.5 0. 29908 0 • .5289.5 2.ll.552 
3 o. 46161 0 • .509.50 0.21261 1.32517 
4 o. 48679 -0. 69241 o. ,58617 1.92753 
.5 o. 48388 -0.04320 0.00000 o. o 
5 8. 18943 
TABLE VI (continued) 
IT PGTC BUS VA 
1 0 • .50000 
2 o.48755 
.3 o.46161 
4 o.48970 
5 o.48388 
6 a.18736 
1 0. 50000 
2 o.48755 
.3 o.46161 
4 o.48970 
5 o.48528 
7 8.18?36 
1 0 • .50132 
2 o.48755 
.3 o.46161 
4 o.48970 
5 o.48.528 
8 8.18511 
LAST VALUES ARE OPTIMUM 
CORRECTION FACTOR IS 0. 00400 
10 8.18.547 
1 0.50083 
2 o.48714 
3 o.46127 
4 o.48915 
5 o.48475 
LAST VALUES ARE OPTIMUM 
z 
-0.17416 
0. 25.369 
0.10575 
0.14876 
-0.33403 
-O.Jl445 
0.11388 
-0.03451 
0.00846 
0. 22713 
-0.01638 
O. OJ843 
-0.07939 
-0. 03773 
0. 09507 
-0.02003 
0.05516 
-0.02.322 
-0.07159 
0.05968 
PG 
0. 67062 
0.52224 
0.19846 
0.61649 
0.00000 
0. 67062 
0. 52224 
0.19846 
0.61649 
0.00000 
0.68304 
0.51699 
0.19.549 
0.61255 
0.00000 
0.682.50 
0. 51749 
0.19699 
0. 61100 
0.00000 
PGC 
2. 81168 
2.10722 
1. 30.385 
1.96461 
o. o 
2. 81168 
2.10722 
1. 30385 
1.96461 
o. o 
2. 82521 
2. 10075 
1. 29942 
1. 9597.3 
o. o 
2. 82463 
2. 101.36 
1. 30166 
1.95782 
o. o 
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TABLE VI ( continued) 
IT PGTC BUS VA 
CORRECTION FACTOR IS 0 . 00440 
1 0 . 51797 
12 8 .18.565 
2 0. 50380 
J o .47854 
4 0. 50682 
5 0. 50174 
LAST VALUES ARE OPTIMUM 
z 
-0. 00173 
-0.05757 
-0. 01014 
0. 08563 
-0. 01618 
PG 
0.68251 
0. 51140 
0.19715 
0.61697 
0. 00000 
PGC 
2 .82464 
2. 09390 
1 . 30190 
1.96521 
o . o 
solution was obtained in fewer iterations and had a smaller total input 
cost than the solution for the zero resistance and large reactance ; 
however, the total input cost for the four-bus system was still less 
after only three iterations. 
A true optmum solution for the five-bus system was not being 
obtained because Z5 was sometimes larger in magnitude than any other Zi • 
To insure that Z5 would not become larger in magnitude than any other 
Z1,' the voltage on bus five was assumed to be zero. -The power generated 
at bus five, the power transferred to and from bus five, and the indivi­
dual terms Xij of the total derivatives Zi involving bus five are all 
directly proportional to the voltage on bus five ; therefore, these terms 
will all be zero and Z5 will be less in magnitude than any other Zi • 
This will insure that the phase angle on bus five will not change and, 
therefore, will not cause problems in finding the optimum generation 
schedule. The five-bus system with the voltage on bus five being zero 
was then input to the computer. The solution, shown in Table VIII, com­
pares almost exactly with the four-bus solution. The correction factor 
used was 0. 0050 so that each iteration for the two solutions could be 
compared. This five-bus system had high-impedance lines of zero resis­
tance and large reactance indicating that the value of line impedance for 
the fictitious lines did not affect the accuracy of the solution .  The 
assumption of zero voltage on bus five was not a good assumption, for a 
real power system ( such as NWPS) will not operate with buses having 
zero voltage. However, with this assumption, power was not allowed to 
flow in the fictitious lines and an accurate solution was obtained. The 
TABLE VII. INPUT AND SELECTED RESULTS FOR FIVE-BUS SYSTEM WITH 
ZERO VOLTAGE AT BUS FIVE 
NUMBER OF BUSES IS 5 
LINE AND TRANSFER IMPEDANCES 
TERMINALS 
1 2 
1 3 
1 4 
1 5 
2 J 
2 4 
2 5 
3 4 
3 5 
4 5 
5 4 
R X B 
0 .100 0. 200 0 . 224 
0 . 200 0 . 300 0 . 361 
0 .100 0 . 300 0 . 316 
o . o  9999 . 0009998.996 
0 .150 0 . 250 0 . 292 
0 . 200 0. 300 0 .361 
o . o 9999 . 0009998. 996 
0 . 100 0 .100 0 .141 
o . o 9999 . 0009998.996 
o . o  9999 . 0009998. 996 
o . o  9999 . 0009998. 996 
BUS LOADS - CONSTANT 
BUS LOAD 
1 0 . 5000 
2 0. 5000 
3 0. 5000 
4 0. 5000 
5 o . o 
NUMBER OF ITERATIONS PERMITTED IS 12 
BA 
1. 1071482 
0.9827933 
1. 24904.54 
1. 5707960 
1. 0303764 
0.9827933 
1. 5707960 
0. 7853981 
1. 5707960 
1. 5707960 
1. 5707960 
COEFFICIENTS OF COST POLYNOMIAL IN ASCENDING ORDER 
BUS CONST CCPl CCP2 CCP3 
l 2. 28000 0 . 52000 0. 38000 0 . 04000 
2 1 . 59000 0.75333 o.44000 0. 02667 
3 1 . 04000 1 . 16333 0. 84002 -O. Ol3JJ 
4 1 .40000 0 . 60000 0. 50000 0 . 02000 
5 999999 . 00000 999999 . 00000 999999.00000 999999 . 00000 
BUS VOLTAGES - CONSTANT 
BUS VOLTAGE 
l 1.00000 
2 1. 00000 
3 1.00000 
4 1 .00000 
5 o . o 
46 
TABLE VII ( continued) 
INITIAL VOLTAGE ANGLES 
BUS ANGLE 
1 0 • .5000000 
0. 5000000 
J 0 • .5000000 
4 0. 5000000 
5 o. o 
CORRECTION FACTOR IS 0. 00500 
IT PGTC BUS VA z PG PGC 
1 0 • .50000 -4.14221 0 • .50000 2.64000 
2 0. 50000 -0.93393 0. 50000 2. 08000 
J 0 • .50000 9.13982 'b • .50000 1.83000 
4 0. 50000 -4. 06368 0. 50000 1. 82750 
.5 0. 50000 o. o o. o o.o 
1 a.377499 
l 0 • .50000 -2. 61673 0. 60703 2.74462 
2 0. 50000 1.77670 0.63620 2. 25423 
J 0.4,5430 -1. 49399 o. 04047 1.0884.5 
4 0. 50000 2.33401 0. 73364 2.11719 
.5 0. 50000 o. o o. o o . o  
2 8. 204494 
1 0.51308 -0.971.50 0. 73007 2. 87774 
2 0. 50000 1. 02199 0 • .58404 2.18537 
3 0.4_5430 -1.91.510 0. 01137 1. 05333 
4 0 • .50000 1.86461 0. 69447 2. 06452 
.5 0. 50000 o. o o. o o. o 
a. 1ao965 
1 0. 51308 -1. 28785 0. 70721 2. 85195 
2 0 • .50000 o.47460 0. 55521 2.14845 
3 o.46J88 0. 26600 0.10596 1.17269 
4 0. 50000 0. 54724 o.64467 1.99996 
1-
5 0. 50000 o. o o. o . o. o 
4 8.1730.51 
l 0.51952 -o.46696 0. 76795 2. 92155 
2 0. 50000 0. 10161 0. 52966 2. 11641 
J o.46388 0. 04938 0. 09164 1.15366 
4 0. 50000 0. 31596 0.62.546 1.97577 
5 0. 50000 o. o o.o o. o 
5 a. 167398 
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TABLE VII ( continued) 
IT PGTC BUS VA z PG PGC 
1 0 . 52186 -0.16675 0. 79002 2. 94770 
2 0 . 50000 -0. 03455 0. 52042 2.10498 
J o .46388 -0 . 02993 0. 08647 1 .14686 
4 0 .50000 0 . 23123 0. 61851 1 .96712 
5 0 . 50000 o .o  o. o o . o  
6 8 .166659 
l 0. 52186 -0.12475 0. 79351 2.95188 
2 0 . 50000 -0. 01660 0. 52309 2 . 10827 
3 o .46388 0.12869 0. 09204 1 .1,5418 
4 o .49884 0. 01266 0.60642 1. 95218 
5 0 . 50000 o. o o. o o . o  
7 s.166517 
l 0. 52186 -0.10280 0.79505 2.95373 
2 0 . 50000 0. 02008 0. 52503 2 .11o67 
3 o .46323 -0. 01817 0. 08566 1 .14.581 
4 o .49884 0.10089 0.60975 1 .95628 
- 5 0 . 50000 o .o  o .o  o . o 
8 8.166477 
1 0. 52237 -0. 03644 0. 79991 2.95957 
2 0 . 50000 -0. 01004 0. 52299 2 .10815 
3 o .46323 -0. 03570 0. 08453 1 .14433 
4 o .49884 0. 08218 0. 60822 1 . 9,5440 
5 0. 50000 o. o o. o o . o 
9 8.166441 
LAST VALUES ARE OPTIMUM 
computation time required for the five-bus solution was greater than for 
the four-bus solution, for many calculations were performed even though 
the results were known to be zero beforehand. For example, the amount 
of generation required at a bus equals the power required by the local 
load plus the power transferred from the bus to all buses physically 
connected to it. If a physical connection does not exist between two 
buses , no power can be directly transferred between these two buses ; 
therefore , the calculations to determine the a.mount of power transferred 
between these buses need not be performed. An analysis of the calcula­
tions required by the phase-angle method for a system in which each bus 
is not connected to every other bus shows that all calculations for 
fictitious lines and generators can . be eliminated. By eliminating the 
various dispensable calculations, any error in the optimum solution can 
not be due to power flowing in fictitious lines or power being generated 
by fictitious generators. 
A method was devised to eliminate the various dispensable calcula-
tions utilizing a matrix whose terms are dependent on the system being 
analyzed. The individual terms of this matrix are of the form AA( I, J ) 
where I and J correspond to the various terminals of the power system. 
Values were assigned to the terms of the matrix depending upon the 
system network and the types of buses. When I and J are not equal, 
AA(I, J ) refers to the line connecting the two buses. When terminal I 
was physically connected to terminal J, AA( I, J ) was assigned a value of 
+1 ; when no physical connection existed, AA( I, J ) was assigned a value 
of -1. When I and J are equal, AA(I, J ) and AA( I, I ) are equivalent and 
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refer to a bus. AA( I , I ) was assigned a value of -1 for a generator bus 
and -11 for a load bus. Two forms of IF statements were used in the 
computer program to insure that only the necessary calculations would 
be performed. The IF statements to determine whether or not a line 
physically exists a.re of the form IF(AA( I, J ) )-, o, +. This form will 
allow calculations to be performed only when a line exists. Its use can 
be seen by analyzing the following computer statements. 
00 1 I=l, N 
00 1 J=l, N 
IF(AA( I, J ) l, 99, 11 
11 PERFORM CALCULATION 
1 CONTINUE 
When I and J are equal, and when I and J are such that no line exists 
between terminals I and J, the AA( I-, J ) were defined with negative values 
and the computer will go from the IF statement to the continue statement 
and no calculation will be performed. When I and J are such that a line 
does exist between terminals I and J, the AA( I , J ) were defined with 
positive values and the computer will go from the IF statement to state­
ment number 11 and the calculation will be performed. The second form 
of the IF statements, IF(AA( I, I )+lO. ) - , O, +, will allow calculations to 
be performed only when a bus has a generator connected to it. This is 
illustrated by r 
00 1 I=l, N 
IF(AA( I , I )+lO. )1, 99 , 11 
11 PERFORM CALCULATION 
l CONTINUE 
For a generator bus , AA( I , I ) has a value of -1, AA( I, I ) +lO has a 
value of +9, and the computer will go from the IF statement to statement 
ll and perform the calculation. For a load bus, AA( I , I ) has a value of 
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-11 , AA( I , I )+l0 has a value of -1, and the computer will go from the IF 
statement to statement 1 and the calculation will not be performed. All 
computer statements dealing with the AA(I , J ) matrix were written in 
general form. Therefore, this matrix can be used to determine which 
calculations are necessary in obtaining an optimum solution for any 
power system provided the individual terms of the matrix are defined 
as explained. 
The computer program previously discussed was revised utilizing the 
AA(I, J ) matrix. This program , shown in Fig . 9, was then used to find 
the optimum solution for the five-bus system. This new program utilizes 
actual data only ; therefore, no fictitious lines or generators were 
needed to obtain the optimum solution . The correction factor was read 
in as 0. 00500 so that each iteration of the four-bus solution previously 
discussed and this five-bus solution could be compared. The five-bus 
results are shown in Table VIII. An analysis of the two solutions shows 
that the solution and each iteration needed to obtain the solution were 
identical , thus proving the accuracy of the AA(I , J ) matrix in determining 
the necessary calculations needed to obtain an optimum generation 
schedule. 
Fig. 9. Computer program utilizing matrix with elements AA(I, J) . 
C 
D I ME N S I ON R < 9 • 9 ) , X ( 9 , 9 ) , 8 ( 9 , 9 ) , BA C 9 , 9 ) , P L C 9 ) , C C 9 , 9 )  , VA C 9 ) , E ( 9 ) , DVA 
2 < 9 , 9 ) , PG ( 9 ) , P GC C 9 ) , Z ETA C 9 ) , Z ( 9 ) , AA C 9 , 9 ) , XL < 9 , 9 ) 
C R EAD  NUMBER  O F  BUS E S  
R E AD ( l l , l 0 0 ) N  
WR I T E C 1 2 , 2 0 0 ) N  
C 
M = N- 1 
DO 1 I =  1 , N 
PG C C l ) = O .  
DO 1 J = l , N  
1 R E AD ( l l , 1 0 3 > AA < I , J )  
C R E AD L I N E I MP EDAN C ES R AND  X L  
WR I T E ( l 2 , 2 0 i ' >  
C 
C 
DO 2 I =  1 , M 
K = I + l  
DO  2 J = K , N  
I F ( AA C I , J ) ) 2 , 9 9 , 1 2 
1 2  R E AD ( l l , l O l ) R (  I , J ) , X L < I , J >  
B < I , J ) = SQRT < R C I , J ) *R < I , J ) +XL C I , J ) *X L C I , J ) ) 
B < J , I ) = B < I , J >  
BA  ( I ,  J > = A T  A N 2  C X L  C I ,  J )  , R C  I , J ) > 
BA C J  , I ) = BA C I , J > 
R < J , I ) = R ( I , J )  
XL C J , I ) = X L C I , J )  
WR I T E ( 1 2 , 2 0 2 > I , J , R ( I , J ) , X L C I , J > , B C I , J ) , BA C I , J )  
2 CON T I N UE 
R EAD  BUS LOA DS  
R E AD ( l l , 1 0 2 ) C PL C I ) , I = l , N )  
WR I T E C 1 2 , 2 0 4 ) < I , PL < I > , I = l , N ) 'r!l 
Fig. 9 (continued) 
C R EAD  NUMBER  OF I T ERAT I ONS  PERM I T T ED -- I T  
R EAD ( l l , l OO ) I T 
WR I T E ( 1 2 , 206 ) I T  
C 
C R EAD  C OE F F I C I ENT  OF  COST  POLYNOM I AL I N  A SCEND I NG OR DER  
WR I T E ( l 2 , 207 > 
C 
DO  3 I =  1 , N 
I F ( AA C I , I ) + l 0. ) 3 , 99 , 1 3 
1 3  R EAD C 1 1 , 1 04 ) C C 1 , I ) , C C 2 , I ) , C ( 3 , I ) , C ( 4 , t ) 
WR I T E < 1 2 , 2 oa 1 1 , c c 1 , 1 , , c c 2 , 1 , , c c 3 , 1 , , c , 4 , 1 ,  
3 CON T I NUE  
C R E AD BUS VOL TAGE S  
READ C l l , 1 02 ) < E C I > , I = l , N > 
C 
WR I T E ( l 2 , 20 3 ) < I , E C I > , I = l , N )  
C R EAD I N I T I AL VOL TAGE A NGLES  -- VA  
R E AD ( l l , 1 02 > ( VA ( I ) , I = l , N )  
WR I T E C 1 2 , 209 ) C J , VA C I > , I = l , N > 
C 
C READ CF  
R EAD C 1 1 , 1 1 4 ) CF 
WR I T E ( 1 2 , 2 2 5 ) CF 
C 
WR I T E ( 1 2 , 2 2 1 ) 
DO  90 1 1 = 1 , I T  
C EVALUA TE VOL TAGE A NG L ES B ETWEEN BUStS 
DO 4 I = l , N  
D O  4 J= l , N 
I F ( AA ( I , J ) ) 4 , 99 , 1 4 
1 4  DVA < I , J ) = VA C I ) -VA C J )  
4 CON T I NUE 
\1' 
l\) 
Fig. 9 ( continued) 
C EVALUA TE  POWER GENERA T ED 
DO 5 I =  1 ,  N 
C 
PG ( I ) = PL ( I ) 
DO 5 J = l , N 
I F C AA ( I , J ) ) 5 , 99 , 1 5 
1 5 PG ( I > = PG < I > + < -E < I > *E C J ) *COS ( BA C I , J ) +DVA ( t , J ) ) +E < I > *E < I ) *COS < BA < I , J 
2 ) ) ) / B ( l , J )  
5 CONT I NUE  
C EVALUAT E  GENERA T I ON COS T  
PG TC= O . O  
DO 6 I =  1 , N 
I F  ( AA ( I , I ) + 1 0  • )  6 ,  99  ,1 6 
1 6 PGC < I > =C < l t l ) +PG < I > * < C < 2 , I ) +PG C l ) * C ' < 3 , I ) +PG ( t l *C < 4 , I l ) l  
PG TC=PGTC+PGC < I >  
6 CON T I NUE  
C 
C EVALUATE  I NCR EMEN T AL PRODUCT I ON RA TE  
DO 7 I = l , N 
C 
I F < AA < I , 1 ) + 10 . ) 7 , 99 , 1 7  
1 7 Z E TA ( I l. = C < 2 t I ) +PG < I l * < 2 • *C  < 3 ,  I ) + 3 • *PG ( l l *C ( 4 ,  1 ' >  ) 
DO 7 J = l , N 
I F < AA ( I , J ) ) 7 , 99 , 27  
27  X f l , J ) = Z ETA < I > *E < I > *E < J > *S I N ( BA ( t , J l +DVA < t , J ) ) / B ( t , J )  
7 CON T I NUE 
C EVALUA TE  TOTA L  DER I VA T T VES  -- Z ( I ) 
DO 8 I = 1 , N 
2 ( 1 ) = 0 . 0  
DO 8 J= l , N 
I F C AA C I , J ) ) S , 9 9 , 1 8 
1 8  Z < I > = Z < I ) +X C l , J ) -X ( J , I > 
8 CONT I NUE 
V\ 
\.t.) 
Fig. 9 (continued) 
C 
DO 3 9  K = l , N  
3 9 WR I T E C 1 2 , 2 2 2 > K , VA ( K > , Z < K > , PG ( K ) , PGC ( K )  
WR I T E C 1 2 , 2 2 3 ) I I , PG TC  
C SE LECT  Z < I >  W I TH LARGES T MAGN I TUDE -- ZM 
ZM=ABS C Z ( l ) )  
C 
C 
L L = l 
DO 9 J = 2 , N  
I F ( Z M. G T . AB S < Z ( J l ) )  G O  T O  9 
ZM=ABS ( Z ( J ) )  
L L = J  
9 CON T I NUE  
9 7  I F ( Z M . L T . 0 . 1 )  GO TO  4 5  
VA ( LL > = VA ( LL ) - Z ( LL J *C F  
9 0  CON T I NUE  
WR I T E ( 1 2 , 2 2 6 ) 
GO  TO  6 0 0  
9 9  CON T I NUE  
45  WR I T E ( 1 2 , 2 24 ) 
60 0  CON T I N UE  
1 0 0  FORMAT C I 5 )  
1 0 1 FORMAT C 2 F20 . 1 0 ) 
1 0 2  FORMAT ( 6 F l 0 e 5 )  
1 0 3 FORMA T ( 5 F 5 . 0 )  
1 0 4 FORMA T ( 4F20 . 1 0 )  
1 1 4 FORMAT < F I 0 . 6 > 
20 0  FORMA T r- 1 - , l OX , -NUMBER OF'  BUS ES I S� t I 3 / ) 
2 0 1 FORMA T C -0- I OX-L I N E A ND T RANSFER  I 'MP EDANC ES-/ I OX- TERM I NALS-5 X-R-7X 
2 -X- 7X-B-7 X-BA- ) 
"$-
Fig. 9 (continued) 
20 2 FORMAT < - - , l OX , I 3 , I 4 , F l 0 . 3 , 2 F8 . 3 , F l 2 . 7 ) 
20 3 FORMAT ( -0- l OX-BUS  VOL T AGES  - CONST A N T-/ 1 3 X-BUS VOL T AG E-/ ( - -l l X (  
2 1 3 , F l l . 5 ) ) )  
204  FORM A T ( -0- l O X-BUS  LOADS  - CON STANT- / 1 3X-BUS LOAD - / ( - - 1 1 X ( I 3 , F l0  
2 . 4  l ) ) 
206  FORMAT < -0- , l O X , -NUM B E R  OF  I T E RA T I ON S  P ERM I T T E D  I S- , 1 4 ) 
20 7  FORMAT < -0- l O X-COE FF I C I EN T S  OF COST  POLY NOM I A L I N  A SC END I 'NG ORDER- /  
2 1 3 X- BU S- 5X-CON S T-9X-CC P 1 -9X�CCP2-9X-CCP 3- )  
20 8  FORMAT < - - 1 1 X I 3 , 4 F l 3 . 5 )  
209 FORMAT < -0- l O X- I N I T I A L VOLTAGE  ANGLES�/ 1 3 X-BUS  A NG LE- / ( - - 1 1 X C I 3 ,  
2 F l l . 5 ) ) )  
2 2 1  FORMAT < - 1 - l O X- I T  PGT C-8 X-BU S  VA-8X-Z-9 X-PG-8X-PGC- / ) 
2 2 2  FORMAT < 2 4X , I 5 , F l l . 5 , 2 F l 0 . 5 , F l l . 5 ) 
2 2 3  FORMAT < I 1 2 , F l 2 e 6 / / ) 
2 2 4 FORMAT < -0- l O X-LAST  VALU ES A RE OP T I MUM- ) 
2 2 5  FORMAT l -0- l O X-CORRECT I ON FACTOR I S-F l0 . 5 / ) 
2 2 6  FORMAT < -0- l O X-ACCURACY  CR I T E R I A  NOT SAT I S F I ED- > 
E ND 
.. 
V\ 
V\ 
TABLE VIII. INPUT AND SELECTED RESULTS FOR FIVE-BUS SYSTEM 
NUMBER OF BUSES IS 5 
LINE AND TRANSFER IMPEDANCES 
TERMINALS R X 
1 2 0. 100 0. 200 
1 3 0. 200 O . JOO 
1 4 0.100 O. JOO 
2 3 0. 150 0. 250 
2 4 0. 200 . 0. 300 
3 4 0. 100 0. 100 
BUS LOADS - CONSTANT 
BUS LOAD 
1 0.5000 
2 0.5000 
3 0.5000 
4 0 .5000 
5 o . o  
B 
0. 224 
0. 361 
0. 316 
0. 292 
0. 361 
0.141 
NUMBER OF ITERATIONS PERMITTED IS 12 
BA 
1 . 1071482 
0. 9827933 
1. 24904.54 
1. 0303764 
0.9827933 
0. 7853981 
COEFFICIENTS OF COST POLYNOMIAL IN ASCENDING ORDER 
BUS CONST CC Pl CCP2 CCPJ 
1 2. 28000 0. 52000 0. 38000 0. 04000 
2 1. 59000 0. 75333 o.44000 0. 02667 
3 1. 04000 1. 16333 o. 84002 -0. 01333 
4 1. 40000 0.60000 0. 50000 0. 02000 
. BUS VOLTAGES - CONSTANT 
BUS VOLTAGE 
1 1. 00000 
2 1. 00000 
3 1. 00000 
4 1. 00000 
.5 1. 00000 
INITIAL VOLTAGE ANGLES 
BUS ANGLE 
1 0 • .50000 
2 0 • .50000 
3 0 • .50000 
4 0. 50000 
5 0. 50000 
CORRECTION FACTOR IS 0 . 005000 
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TABLE VIII ( continued)  
IT PGTC BUS VA z PG PGC 
1 0. 50000 -4.14221 0 . 50000 2 .64000 
2 0. 50000 -0.93393 0 . 50000 2 . 08000 
3 0 • .50000 9 .13982 0. 50000 1.83000 
4 0. 50000 -4. o6368 0 . 50000 1 .82750 
.5 0. 50000 o. o o . o  o .o  
1 8 .377499 
l 0. 50000 -2.61674 0 .60703 2.74462 
2 0. 50000 1.77673 0.63620 2. 2.5423 
J o.4.5430 -1 .49401 o. 04047 1. 08845 
4 0 • .50000 2. 33401 0. 73364 2.ll719 
5 0. 50000 o. o o. o o .o  
2 8. 204494 
l 0 • .51308 -0 . 97151 0.73007 2. 87774 
2 0 . 50000 1 . 02201 o. ,58404 2.18537 
J o .4.5430 -1. 91513 0 .01137 1.05333 
4 0 . 50000 1. 86463 0.69447 2 . o64.52 
5 0 • .50000 o. o o . o  o.o  
J 8 .180965 
1 0 • .5].J08 -1 . 28788 0 . 70721 2.a.5195 
2 0. 50000 o .47460 0. 55521 2 . 14845 
J o .46J88 0. 26605 0 .10596 1.17269 
4 0 . 50000 0 • .54723 o .64467 1.99996 
.5 0 . 50000 o. o o. o o.o  
4 8.1730.51 
1 0 • .51952 -o .46696 0. 76795 2 .92155 
2 0 • .50000 0.10160 0. 52966 2. 11641 
J o.46J88 o. 04942 0. 09164 1 .15366 
4 0. 50000 0. 31594 0 .62.546 1 .97577 
.5 0. 50000 o .o  o .o  o. o 
5 8.167398 
1 0. 52186 -0.16676 0 .79002 2. 94770 
2 0 . 50000 -o. oJ456 o . 52o42 2 .10498 
3 o .46388 -0. 02989 0. 08647 1 .14686 
4 0. 50000 0. 23121 0.61851 1 .96711 
5 0 . 50000 o . o  o . o  o . o  
6 a .1666.59 
5B 
TABLE VIII ( continued) 
IT PGTC BUS VA z PG PGC 
1 0. 52186 -0.12475 0. 79351 2.95188 
2 0. 50000 -0. 01661 0. 52309 2. 10827 
J o .46388 0.12868 0. 09204 1 .1.5418 
4 o.49884 0. 01268 0.60642 1 .95218 
5 0.50000 o .o  o . o  o . o 
7 8 .166517 
1 0. 52186 -0.10279 0.79505 2 .95373 
2 0. 50000 0.02005 0. 52502 2. llo66 
J o.46323 -0. 01816 o . oa,566 1 .14581 
4 o.49884 0.10090 0.60975 1 .95628 
.5 0 • .50000 o. o o .o  o . o  
8 a .166477 
l 0 • .52237 -0.03643 0. 79991 2. 95957 
2 0 • .50000 -0. 01007 0. 52299 2 .10815 
J o .46323 -0. 03.569 0.08453 1 .14433 
4 o.49884 0.08219 0 .60822 1 . 95440 
5 0. 50000 o.o  o . o  o . o  
9 8 .166441 
LAST VALUES ARE OPTDruM 
B. Revisions Based on Actual System 
59 
The NWPS system had two generators connected to each of the Aberdeen 
and the Mitchell buses ; therefore, the total generation required at 
these buses was economically divided between the two generators. 
Kirchmayer discussed a method for determining the economic scheduling 
or generators when transmission losses were neglected. The optimum 
schedule for minimum fuel input occurred when the generators were 
operated at the same incremental cost . This discussion was directly 
applied to the NWPS system when two generators were connected to the 
same bus, for the losses between generators connected to the same bus 
can be neglected without loss in accuracy. Assume that two generators 
i and j are connected to the same bus. Their input-output cost polyno-
mials would be of the form 
(PIN)i = Al + A2P1 + AJPi
2 + A4PiJ 
(PIN) j = B1 + B2Pj + BJPj
2 + B4PjJ 
(1) 
(2) 
where (PIN)i and (PIN)j are the fuel inputs to each generator, A and B 
are the constant coefficients, and Pi and Pj are the generation required 
from each generator. Their incremental rates are obtained by differ-
entiating equations ( 1) and ( 2) 
Ci = A2 + 2AJPi + JA4Pi2 
E;i = B2 + 2BJPj + JB4,Pj2 
(J) 
(4) 
The optimum generation schedule for these two generators occurs when 
their incremental rates are equal; therefore, equation ( J ) can be set 
equal to equation (4) . 
A2 + 2AJPi + JA4Pi2 = B2 + 2BJPj + JB4Pj
2 ( 5) 
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However, the B4 coefficient for the generator at Aberdeen and the 
generator at iiitchell, as previously determined from a computer program, 
are both zero. Thus, equation (5 )  reduces to 
(6 )  
Since the total power (or Pr ) required at the bus must be supplied by 
these two generators, it follows that 
Pr = Pi + Pj (7)  
Since Pr will be known, equations (6 ) and (7)  can be solved for the 
power required from each generator. Substituting equation (7 )  into ( 6 ), 
( 8 )  
or 
(9) 
Pi can be determined by the quadratic equation as 
_ -2(A3 + B3 ) ! 14(A3 + Bt
)2 - 4(JA4) (Az - B2 - 2B3PT ) 
Pi - . 2 JA4) 
( 10) 
Pj can then be determined from equation ( 7 ). Since P1 can never be 
negative, only the positive value of the square root need be considered. 
If the total bus generation requirement were sufficiently small, the 
incremental cost criteria could not be satisfied for positive values of 
Pi and Pj • Therefore, if equation (10) does not result in a positive 
value, only one generator should supply the total bus generation for 
the most economic schedule. · 
The computer program previously discussed was revised for the NWPS 
system as shown in Fig. 10. Equation ( 10) was written into this program 
so that the generation required from each generator , rather than each 
Fig. 10. Computer program for NWPS system. 
C 
D I MENS I ON R ( 9 , 9 ) , X C 9 , 9 ) , B < 9 , 9 ) , BA < 9 , 9 ) , PL C 9 ) , C C 9 , 9 ) , VA C 9 ) , E ( 9 ) , DVA · 2 < 9 , 9 ) , PG C 9 ) , PGC ( 9 ) , Z ET A ( 9 ) , Z C 9 ) , AA < 9 , 9 ) , X L C 9 , 9 )  
C R E A D  NUMB ER  OF  BUS ES  
R E AD C l l , l OO ) N  
C 
C 
WR I T  E ( 1 2  , 2 0 0 ) N 
M = N- 1 
NN= N.2  
DO  1 I =  1 , N 
PGC C I ) = O . 
DO  1 J = l , N  
1 R E A D ( l l , 1 0 3 ) A A ( I , J )  
A A t 7 , 7 ) = 1 .  
AA ( 8 , 8 J = I .  
C R E A D  L I N E I MP E DA NCES. R A ND X L  
WR I T E C 1 2 , 2 0 1 ) 
DO  2 I =  1 , M 
K = l + l  
DO  2 J =K , N 
I F C A A C I , J ) ) 2 , 9 9· , 1  2 
1 2  R EAD C l l , l O l ) R < I , J ) , XL C I , J ) 
B < I , J ) = SQR T < R < I , J ) *R C J , J ) +Xl < I , J ) *Xl < I , J ) ) B ( J , I ) =B < I , J )  
BA C I • J ) =AT  AN  2 C X L C  I , J > ,R C I , J > ) BA C J ,  I ) = BA C I , J )  
R < J , I ) = R < I , J )  
X L C J , I J =X L < I , J )  
WR I T E  C 1 2 , 2·0 2 l I , J tR C I , J ) , X L  n , J )  , B C I , J l , B A  C I , J ) . 2 CON T I NUE 
°' 
� 
Fig. 10 ( continued) 
C R EA D  BUS LOADS 
C 
R EA D C l l , 1 0 2 ) C PL C I > , I = l , N >  
WR I T E C 1 2 , 2 04 ) < I , PL ( I ) , I = l , N )  
C R EAD NUMBER  OF  I T E R A T I ONS  PE RM I T T ED -- I T  
R EA D < 1 1 ' 1 0 0 ) I T  
WR I T E ( l 2 , 2 0 6 ) I T  
C 
C READ  COEFF I C I E N T  OF  COS T  POLYNOM I AL I N  ASCEND I NG OR DER  
WR I T E ( 1 2 , 2 0 7 ) 
C 
DO 3 I = l , NN 
I F ( AA ( I , 1 > + 1 0 . ) 3 , 99 , 1 3  
1 3  R E AD ( l l , 1 04 > C < l , I > , C C 2 , I ) , C < 3 , I ) , C ( 4 , I )  
WR I T E < 1 2 , 2 0 8  > I , C ( 1 , I > , C ( 2 , I > , C C  3 ,  I > , ' C  4 t I ) 
3 CON T I NUE  
C R EAD BUS VOL T AG E S  
R EAD C l l , 1 0 2 ) < E < I > , I = l , N ) 
WR I T E C 1 2 , 2 0 3 ) C I , E C I > , I = l , N > 
C 
C READ I N I T I A L VOLTAGE  ANGLES  -- VA 
. R EAD ( l l , 1 02 ) < VA C I ) , I = l , N )  
C 
WR J T E C 1 2 , 2 09 ) C I , VA C I ) , I = l , N )  
WR I T E ( 1 2 , 2 2 1 ) 
DO 9 0  1 1 = 1 , I T  
C EVALUATE  VOL T AGE A NG L ES BETWEEN  BUSES 
DO 4 l = l , N 
DO 4 J = l , N  
I F C AA C I , J ) ) 4 , 9 9 t l 4  
1 4  DVA C I , J ) = VA C I ) -VA C J )  
4 CON T I NUE  °' N 
Fig. 10 (continued) 
C EVALUATE  POWER G E N ER A T E D  
D O  5 I =  1 , N 
C 
PG ( I ) = P L < I >  
DO 5 J = l , N 
I F ( AA ( I , J ) ) 5 , 9 9 t l 5  
1 5  P G < I > = PG ( I ) + ( -E ( l > * E ( J > *COS < BA < I , J ) +OVA ( I , J ) ) +E ( I l * E < I > *COS < BA < I , J · 
2 ) ) ) / B ( I , J )  
5 CON T I NUE  
C EVALUAT E POW E R  R EQU I RE D  F ROM TWO GENERA TORS  -- ON E BUS 
PG ) 7 *=0. 0  
P G > B *= O. O 
A A < 7 , 7 > =- l l e  
AA < 8 , 8 ) = - l l e 
CCA= < C l 3 , 2 ) +C ( 3 t 7 J J / ( 3 . *C < 4 , 2 J J * < C C 3 , 2 ) +C < 3 , 7 ) ) / ( 3 • *C < 4 , 2 ) ) + ( C C 2 t 7 -
2 > -C < 2 , 2 > +2 . *C < 3 , 7 ) *PG < 2 > > 1 < 3 . *C l 4 , 2 ) ) 
I F ( CCA ) 42 , 42 , 40 
40  CCB= < -C < 3 , 2 ) - C < 3 , 7 ) ) / ( 3 . *C ( 4 , 2 ) ) +SQR T < CCA ) . 
I F < CCB > 42 , 4 2 , 4 1  
4 1  PG ( 7 ) = CCB  
PG ( 2 ) = PG ( 2 ) -P G ( 7 )  
AA < 7 , 7 > = - 1 .  
4 2  CCA= < C < 3 , 6 > +C < 3 , 8 ) ) / C 3. *C < 4 , 6 ) J * ( C ( 3 , 6 ) +C C 3 , 8 ) ) / C 3 . *C < 4 , 6 ) ) + C C ( 2 , 8 
2 l -C < 2 , 6 ) +2 e *C < 3 t 8 > *PG ( 6 ) ) / ( 3 . *C < 4 t 6 ) ) 
I F ( CCA ) 46 , 46 , 43 
4 3  CCB= < -C < 3 , 6 ) - C ( 3 , 8 ) ) / ( 3 . *C < 4 , 6 ) ) +SQR T < CCA ) 
I F ( CCB ) 46 , 46 , 44  
4 4  PG ( 8 ) = CCB 
PG ( 6 ) = PG ( 6 ) -P G ( 8 )  
AA < 8 , 8 ) = - 1 .  
4 6  CON T I NUE  
°' 
\,.J 
Fig. 10 (continued) 
C EVALUA T E  GENER A T I ON COS T  
PGTC= o . o  
C 
PGC ( 7 ) = 0 .  
PGC ( 8 ) = 0 .  
DO 6 I = l , NN 
I F ( A A ( l , 1 ) + 1 0 . ) 6 , 99 , 1 6  
1 6  PGC < I ) = C ( 1 ,  I ) + PG <  I l * ( C < 2 , I ) +PG ( I ) * ( C C 3 t I ) +PG <  I ) * C  C 4 ,  I )  ) ) 
P G TC= PG TC+PGC ( I ) 
6 CON T I NUE 
C EVALUAT E I NCR EMEN T A L  R A T E  FOR GEN ERA TOR B USES  
DO 7 I =  1 ,  N 
C 
I F < AA < I , 1 ) + 1 0 . ) 7 , 99 , 1 7 
1 7 Z E TA ( t ) = C < 2 , I ) +P G C I ) * < 2 . *C < 3 , 1 ) + 3 e *PG < I > *C < 4 , t ) )  
DO 7 J = l , N  
I F < AA ( I , J ) ) 7 , 9 9 , 2 7 
2 7  X < I , J l = Z ET A ( I ) *E < I l *E ( J l *S I N ( BA < I , J ) +DV A < t , J ) ) / B ( I , J ) 
7 CON T I NUE  
C EVALUAT E  I NC REMEN TAL  R A T E  FOR LOAD BUS -- 3 
DO 3 1  I = l , N  
I F ( A A ( I , 1 ) + 1 0 . ) 30 , 9 9 , 3 1  
3 0  J = I - 1  
K= I + l  
AAA= E < I > * E < J > * S I N < BA < I , J > +DVA < I , J ) ) / B C I , J )  
B BB= E ( I > *E ( K ) *S I N < BA C l , K ) +DVA < I , K ) ) / 8 ( 1 , K )  
Z E TA < I ) = < X C J ,  I )  +X ( K ,  I > ) / C AAA+ BBB ) 
X < I , J > = Z E TA < I ) *A AA 
X ( l , K ) = Z ET A ( l ) *BBB  
3 1 CON T I NUE 
i 
Fig. 10 ( continued) 
C EVALUA T E TOTA L D E R I VA T I VES -- Z < I l  
DO 8 I = 1 , N  
C 
C 
C 
C 
C 
Z < I > = O . O  
DO 8 J = l , N  
I F < AA < I , J ) ) 8 , 9 9 t l 8 
1 8  Z < I > = Z < I > +X < I , J ) - X ( J , I )  
8 CON T I NUE 
DO  39 K = l , N  
3 9 WR I T E < 1 2 , 2 2 2 ) K , VA ( K l , Z ETA ( K ) , Z ( K ) t PG ( K ) , PGC C K )  
WR I T E ( 1 2 , 2 2 8 ) PG C 7 ) t PGC C 7 ) , PG C 8 ) , PGC ( 8 )  
WR I T E ( 1 2 , 2 2 3 > I I , PGTC  
SELECT  Z < t >  W I T H LARGEST  MAGN I T UDE  -- Z M  
Z M = A B S  l Z ( 1 )  ) 
LL = l  
DO 9 J = 2 , N 
I F ( ZM . G T . AB S ( Z ( J ) ) )  G O  T O  9 
ZM= AB S ( Z ( J ) l 
LL =J  
9 CON T I NUE  
CALCULATE  COR R EC T I ON FACTOR 
9 7  I F C Z M . L T . O . l )  GO T O  4 5  
CF = l •  
CCF= ZM  
DO 20  I = l , 30 
CF= CF / 10 .  
CCF=CCF / 1 0 .  
I F ( CC F-0 . 0 1 ) 8 8 , 20 , 2 0 
2 0  CONT I NUE 
88  WR I T E ( 1 2 , 2 2 5 ) C F 
VA ( LL ) = VA C L L ) -Z ( LL ) *C F  
9 0  CON T I NUE 
°' 
\.1' 
Fig. 10 (continued) 
C 
WR I T E ( 1 2 , 2 2 6 ) 
GO T O  6 0 0  
9 9  CON T I N UE 
4 5  WR I T E ( l 2 , 2 2 4 ) 
6 0 0 CON T I NUE  
1 0 0  FOR M A T ( I 5 >  
1 0 1 FORMAT ( 2 F 2 0. 1 0 )  
1 0 2  FORMAT < 6 F l 0. 5 )  
1 0 3  FORMAT < 5 F 5. 0 )  
1 0 4  F ORMAT < 4 F 2 0. 1 0 )  
1 1 4 F OR M A T l F l 0. 6 )  
2 0 0  FORMAT l - 1 - , I O X , - NUMBER OF BU SES  I S- , 1 3 / ) 
2 0 1 FORMAT l -0- l O X- L I N E  A N D  T RA N S F E R  I MP E DA NC ES-/ l O X- T E RM I NALS-5 X -R -7X· 
2 -X-7 X- B-7 X-BA- ) 
20 2 FORMAT < - - , l OX , I 3 , I 4 , F l 0 . 3 , 2 F 8 . 3 , F l 2 . 7 )  
2 0 3 FORMAT ( - 0 - l O X- BU S  VOLT AGES - CONS T ANT-/ 1 3 X-BUS  VOL T AGE-/ ( - - l l X < 
2 1 3 , F l l . 5 ) )  > 
2 0 4 FORMAT < - 0- J O X-B US LOA DS - CON ST AN T - / 1 3 X -BUS  LOA D- / ( - - 1 1 X ( I 3 , F 1 0 
2 . 4 ) ) )  
2 0 6 FORMAT < -0 - , l O X , -NUMB E R  OF  I T E R A T I ON S  PE R M I T T E D  I S- , 1 4 ) 
2 0 7  FORMAT ( -0 - l O X-COE F F I C I E N T S  OF  COST  POLY NOM I A L I N  , A SC E ND I NG ORDER- / 
2 1 3 X- BUS- 5X-CON S T- 9 X-CC P 1 - 9 X-CC P 2-9 X- CC P 3 - ) 
2 0 8  FORMAT < - - 1 1 X I 3 , 4 F l 3 . 5 ) 
2 0 9  FORMAT ( -0 - l O X- I N I T I A L VOL T AGE  ANGLES-/ 1 3 X-BUS A NG L E- / ( - - 1 1 X < I 3 � 
2 F l l . 5 ) ) ) 
2 2 1  FORMAT < - 1 - 1 0 X - ! T- 5 X -PGT C- 1 0 X-BUS V A-9 X-Z E T A- 1 1 X- Z - 1 0 X- PG- 1 0 X-PGC-
2 1 ) 
2 2 2  FORMAT ( 32 X , I 2 , F l 0 . 5 , F l 2 . 5 , F l 4. 5 , F l l e 5 , F l 2 . 5 )  
2 2 3  FORMAT < I l 3 , F l 6 . 7 ) 
2 2 4 FORMAT ( -0 - l O X - LAST  VA LUES  A RE  OPT I MUM- > 
2 2 5  FORMAT < -+-3 2X-COR R EC T I ON FAC TOR I S- F l 0. 6 / )  
2 2 6  FORMAT < - 0- l OX- ACCURAC Y  C R I T E R I A  NOT  SAT I S F I ED- > 
2 2 8  FORMAT ( 2 8 X-7-2 1 X , F l 0. 5 , F l l . 5 / 2 8 X-8- 2 1 X , F l 0. 5 , F l l . 5 )  
EN D 
°' °' 
bus, could be analyzed. The two generators connected to the Aberdeen 
bus (or bus 2) were defined as bus numbers 2 and 7, while the two 
generators connected to the 11itcheli bus (or bus 6) were defined as 
bus numbers 6 and 8. Programming equation (10) to detemine the eco­
nomic scheduling of two generators connected to one bus was a practical 
method for the NWPS system; however·, this method should not be used for 
larger systems having many multigenerator buses. If three generators 
are connected to one bus, this method will not work for there will be 
less independent equations than unknowns . Therefore, one cost function 
representing the economic scheduling of all generators connected to one 
bus should be determined before inputting the system to a c�mputer. If 
this were done, the program could remain general and would not have to 
be revised for every power system. 
The NWPS system had one load bus, bus number J ,  which required 
power from adjacent buses. Consider the total derivatives on bus 2 and 
bus 4 
Z2 = X21 - X12 + X2J - X32 
Z4 = X4J - X34 + X4.5 - X.54 
The individual terms X32 and XJ4 are 
X32 = �3 B
E
JE
2 sin(B32 + o32) 
J2 
XJ4 = CJ :�
4 sin(B34 + 034) 
(11) 
(12) 
(lJ)  
(14) 
Hence, the incremental rate for bus J must be known before the total 
derivatives on the adjacent buses as well as bus J can be determined. 
Other investigators have solved this problem by assuming a fictitious 
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generator connected to the load bus and cal.culating the incremental 
rate for this fictitious generator. However, when this incremental 
rate was too high, the system would deliver more power to the load bus. 
Similarly, when the incremental rate was too low, the system would 
allow the generator to supply more power. Thus, no fictitious generator 
with high incremental cost should be assumed connected to a load bus. 
The incremental rate at a load bus should be the rate charged for 
power supplied at this bus such that zero generation be required to 
balance the power at this bus. The total derivative at this bus can be 
written as 
ZJ = X32 - X2J + XJ4 - X4J {15) 
However, to satisfy the phase-angle method criteria tor minimum fuel 
input, ZJ must be identically zero. Therefore, the incremental rate 
tor bus J can be determined by combining equations (13) , (14) , and (15) 
as 
(16) 
This equation was written into the section ot the computer program 
evaluating incremental production rates. The program statements used 
in writing this equation were written in general form, and similar 
equations can be used for any power system having any number of genera­
tor and load buses, provided two or more generator buses are connected 
between load buses. 
When two or more load buses are directly connected, the equations 
tor the z1 at these buses (similar to equation (15) ) will contain more 
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than one unknown, making direct solution of these equations impossible . 
Therefore , the phase-angle method must be revised ,  eliminating the 
necessity for solving these equations directly. The following method 
is recommended. First, an initial set of phase angles for all buses 
should be assumed. Then the power transferred from each load bus and 
the net power available at each load bus to supply the bus load can be 
calculated. The net power available at each load bus can then be 
compared to the bus load , and the bus with the greatest difference can 
be determined. If more power is available at this bus than the load 
requires , the phase angle for this bus should be advanced. Similarly, 
it the load requires more power than is available , the phase angle for 
this bus should be retarded. An adjustment in phase angle will cause 
a change in the powers transferred and the net power available at each 
load bus. The greatest excess or deficiency of power at the load buses 
can then be determined for the new set of phase angles. This process 
can be continued until the power available at each load bus balances 
with each bus requirement. During the process to balance the load-bus 
powers ,  only load-bus phase angles are to be adjusted. · After the load­
bus powers are balanced ,  the economic criteria can be applied to deter­
mine the incremental rates for these buses. The phase-angle method can 
then be applied to the system as it exists now to determine which 
generator angle needs adjustment. After a generator angle has been 
adjusted, the load-bus powers must be rebalanced. This process can then 
be continued until an optimum solution for minimum fuel input has been 
obtained. This new method is not necessary for a system , such as the 
NWPS system, which has at least two generator buses connected between 
load buses. For these systems, the incremental rates for the load 
buses can be determined from the general equation from which equation 
(16) was derived. 
The computer program was now ready to handle the NWPS system. 
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Castillo' s  method of correction factor was first tried. In this method, 
two correction factors are used ; one for generator buses (or CF) and 
one for load buses (or CFL).  Preference was shown by Castillo for 
values of CF equal to 0. 000100 and CFL equal to 0.000001 1 however, 
these values were determined by a trial-and-error approach. When the 
data was input to the computer, diverging results were obtained. The 
phase angle for bus 2, after three iterations, had a value larger than 
)6000.0 compared to the other bus angles ranging from 0. 2 to 0.7. 
Because the values for the correction factors had to be obtained by 
trial and error, this method was not continued. However, this method 
implies that for an optimum solution, a unique value of correction 
factor may not exist. 
Johari presented a method for determining the optimum correction 
factor based on the system being analyzed. After the first iteration, 
a small value was added to the phase angle corresponding to the largest 
absolute value of Z1, and the second iteration was performed. The 
method presented utilized the absolute value of the change in the 
largest and smallest Zi to determine the optimum correction factor. 
However, when Johari applied this method � the actual changes in the 
Zi ' s  were used instead of the absolute values of the changes. For the 
?l 
arbitrary system analyzed by Johari, good results were obtained. This 
method was applied to the NWPS system with and without using the abso­
lute values or the changes in the Zi' s. A correction factor of 
-0.000022 was calculated using the absolute values or the changes in 
Zi, and a value or -0.000184 was calculated when the absolute values of 
the changes in Zi were not used. F<ir the criteria developed by 
Lagerstrom to determine whether a phase angle should be advanced or 
retarded, it is necessary that the correction factor have a positive 
value. Therefore, Johari's method was revised to make his equation 
calculate a positive value. To do this, a · small number was subtracted 
from, rather than being added to, the phase angle corresponding to the 
largest absolute value of Zi after the first iteration. With this revi­
sion, a value of +0.000022 was calculated for correction factor. For 
the arbitrary initial phase angles chosen, the largest Zi was in order 
of magnitude of 108 • Therefore, this correction factor was too large 
and caused rapid divergence. 
These two methods for determining the correction factor did not 
give desirable results for the NWPS system; therefore, it was necessary 
to develop a new method for determining the correction factor. An 
analysis of the results of the four- and five-bus systems previously 
discussed shows that the change in phase angle for each iteration was 
of the order of 0.1. Therefore, it was assumed that the correction 
factor should have a value such that the product of this correction 
factor and the largest Z1 be of the order of 0.1. The following computer 
statements were then developed to determine this value of correction 
factor. 
CF=l. 
CCF=zM 
00 20 I=l , JO 
CF=CF/10. 
CCF=CCF/10. 
IF(CCF-0. 01)88 , 20 ,20 
20 CONTINUE 
88 CONTINUE WITH PROGRAM 
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The largest absolute value of Z1 was defined as ZM. Each time the compu­
ter goes through one loop of the 00-loop , the order of magnitude of CCF 
is reduced by one to determine the order of magnitude of CF. When CCF 
(or ZM) is less than O. Ol , CF has been determined and the computer 
exits the DO-loop. For example , let a 
ZM = 4321. 0 
Therefore , for the first pass through the 00-loop , 
CCF = 4J21. 
CF = 1. 
After the first pass 
CCF = 4J2. l 
CF = 0. 1 
After the second pass  
CCF = 4J. 21 
CF = 0. 01 
This process continues until CCF is less than O. Ol. Therefore , after the 
sixth pass 
CCF = 0. 004321 
CF = 0 . 000001 
A correction factor has now been determined such that the phase angle to 
be corrected will be adjusted by an amount large enough to cause conver­
gence ,  but not too large so as to ca�se divergence. The computer 
statements shown above were then written into the computer program. 
To check this method of determining the correction factor, the 
initial values of phase angles for the NWPS system were assumed equal. 
For the first iteration, the largest magnitude of Z1 was in order of 
magnitude of 1014, the correction factor determined was 10-17, and 
convergence was obtained. For the remaining iterations, the order of 
magnitudes of the Zi ' s  decreased, increasing the value of correction 
factor and convergence was obtained . This method for determining 
correction factor was then said to be satisfactory. 
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The phase-angle method places no restrictions on the values assumed 
for the initial phase angles .  However, less iterations are required to 
obtain the optimum solution when good engineering judgment is employed 
in selecting the initial phase-angle values . The load now diagram for 
the NWPS system shows power flowing from bus 1 at Ellendale to bus 6 at 
Mitchell. Therefore, the initial values of phase angles were chosen 
such that power would flow in this direction. 
Portions of the solution for the NWPS system are shown in Table IX .  
An optimum generation schedule was not obtained; however, this solution 
was excellent for an analysis of the phase-angle method as it exists 
today. To analyze the phase-angle method , this solution will be divided 
into two sections & iterations 1 through 20, and iterations 21 through 
JO. For the first 19 iterations, Z6 was the largest in magnitude of all 
the Zi ' s; therefore, the phase angle on bus 6 was the only phase angle 
corrected for these iterations . Since bus 6 was connected to bus 5 
only, the generation requirements on buses 5 and 6 were the only ones 
TABLE IX . INPUT AND SELECTED RE SULTS FOR NWPS SYSTEM 
NUMBER OF BUSES IS 6 
LINE AND TRANSFER 
TERMINALS R 
1 2 0 . 0 0 7  
2 3 0 . 0 1 6 
3 4 0 . 0 1 3  
4 5 0 . 0 0 5  
5 6 0 . 0 2 5  
IMPEDANCES 
X 
0 . 0 2 7  
0 . 0 2 5  
0 . 0 2 0  
0 . 0 0 8  
0 . 0 3 8  
B 
0 . 0 2 8  
0 � 0 30  
0 . 0 2 4  
0 . 0 0 9  
0 . 0 4 6 
BA 
1 . 2 9 9 6 0 3 5 
0 . 9 8 2 2 9 8 7  
0 . 9 8 3 13 8 2 
0 . 9 7 5 9 6 0 3  
0 . 9 8 3 0 3 2 6  
BUS LOADS - CONSTANT . 
BUS LOAD 
1 o . o  
2 2 . 7 4 5 0  
3 0 . 3 1 6 5  
4 0 . 0  
5 2 . 3 8 6 0  
6 3 . 0 9 8 5  
NUMBER OF ITERATIONS PERMITTED I S  30  
COEFFICIENTS OF COST 
BUS CONST 
1 0 . 0 
2 1 1 .  3 1 4 2 4  
4 o . o  
5 1 8 . 8 5 5 5 8  
6 5 . 3 3 7 4 2  
7 16 . 7 6 0 5 9  
8 16 . 9 9 2 9 2  
POLYNOMIAL 
CCP l 
4 8 . 0 0 0 0 0  
5 0 . 1 5 8 7 7  
3 0 . 0 0 0 0 0  
3 1 . 8 1 8 4 7  
7 2 . 3 4 5 7 2 
2 . 3 0 7 5 9  
- 0 . 17 0 12 
BUS VOLTAGES - CONSTANT 
BUS VOLTAGE 
1 1 . 0 0 0 0 0  
2 1 . 0 0 0 0 0  
3 1 . 0 0 0 0 0  
4 1 . 0 0 0 0 0 
5 1 . 0 0 0 0 0  
6 1 . 0 0 0 0 0  
INI TIAL 
BUS 
1 
2 
3 
4 
5 
6 
VOLTAGE 
ANGLE 
0 . 5 0 0 0 0  
0 . 4 0 0 0 0  
0 � 3 5 0 0 0  
0 . 3 16 0 0  
0 . 3 0 0 0 0  
0 . 2 4 7 0 0  
ANGLES 
IN AS CENDING 
CCP 2 
0 . 0  
- 10 0 . 6 2 5 6 9  
0 . 0  
1 . 4 1 5 0 2  
-6 1 . 8 2 5 9 6  
2 9 . 2 5 3 7 7  
3 0 . 5 3 4 0 9  
ORDER 
CCP3 
0 . 0  
1 1 6 . 16 9 1 9  
0 . 0  
0 . 0  
52 . 4 5 0 5 5 
0 . 0 
0 . 0 
7 4  
TABLE IX (continued) 
IT PGTC BUS VA ZETA z PG PGC 
l 0 . 5 0 0 0 0  4 8 . 0 0 0 0 0  9 2 9 . 4 1 5 5 3  3 . 5 2 5 1 0  1 6 9 . 2 0 4 7 4  
2 0 . 4 0 0 0 0  2 3 . 1 6 34 5  - 9 8 9 . 02 4 4 1 0 . 3 6 5 5 9  2 1 . 8 7 8 9 8  
3 0 . 3 5 0 0 0  2 6 . 96 7 4 1 - 0 . 0 0 0 9 8  0 . 1 1 6 4 7  a . a  
4 0 . 3 1 6 0 0  3 0 . 0 0 0 0 0 - 5 2 8 . 7 9 7 1 2  0 . 2 7 8 0 4 8 . 3 4 1 2 0 
5 0 . 3 0 0 0 0  3 7 . 3 5 4 1 3  - 1 8 6 5 . 9 5 <H 2  1 . 9 5 6 0 3  8 6 . � 0 7 5 5  
6 0 . 2 4 7 0 0  1 7 9 . 7 4 7 2 2  2 4 5 4 . 3 6 6 7 0  1 . 3 0 7 76 1 1 1 . 5 2 1 0 3  
7 0 . 3 7 4 9 8  2 1 . 7 3 9 3 5  
8 0 . 8 4 1 3 3 3 8 . 4 6 2 7 5  
l 4 57 . 6 5 5 2 7 34 C O R R E C T I ON F ACTOR  I S  0 . 0.0 0 0 0 1 
l 0 . 5 0 0 0 0 4 8 . 0 0 0 0 0  9 2 9 . 4 1 5 5 3  3 . 5 2 5 1 0  1 6 9 . 2 0 4 74 
2 0 . 4 0 0 0 0  2 3 . 1 6 3 4 5 - 9 8 '1 . 0 2 4 4 1 0 . 3 6 5 5 9  2 1 . a 1 a g a  
3 0 . 3 5 0 0 0  2 6 . 9 6 74 1  - 0 . 0 0 0 9 8  0 . 1 1 6 4 7  o . o  
4 0 . 3 1 6 C O  3 0 . 0 0 0 0 0  . - 5 4 0 . 3 1 64 1  0 . 2 7 8 0 4 8 . 3 4 1 2 0 
5 0 . 3 0 0 0 0  3 7 . 4 8 5 26 - 1 6 g 6 . 3 9 5 2 6  2 . 0 0 2 3 7  8 8 . 2 4 1 4 7  
6 0 . 2 4 4 5 5  1 7 1 . 2 6 7 4 4  2 2 <; 6 . 3 2 1 5 3 1 . 2 7 7 8 2  1 0 6 . 2 6 6 4 5 " 
7 0 . 3 7 4 9 8  2 1 . 7 3 g 3 5  
8 0 . 8 2 8 1 8  3 7 . 7 9 4 60 
2 4 5 3 . 466 3 0 8 6  C O R R EC T I O N F AC T O R  I S  0 . 0 0 0 0 0 1 
1 0 . 5 0 0 0 0  4 8 . 0 0 0 0 0  9 2 9 . 4 1 5 5 3  3 . 5 2 5 1 0  1 6 9 . 2 C 4 7 4 
2 0 . 4 0 0 C O  2 3 . 1 6 3 4 5  - 9 8 9 . 0 2 4 4 1 0 . 3 6 5 5 9 2 1 . 8 7 8 9 8  
3 0 . 3 5 0 0 0  2 6 . 96 7 4 1 - O . O C 09 8  0 . 1 1 6 4 7  o . o 
4 0 . 3 1 6 0 0  3 0 . 0 0 0 0 0  - 5 5 1 . 1 1 0 8 4  0 . 2 7 8 04 8 . 34 1 2 0 
5 0 . 3 0 0 0 0  3 7 . 6 0 8 1 1  - 1 5 4 4 . 1 1 4 5 0 2 . 0 4 5 7 8  8 9 . 8 7 1 3 2 
6 0 . 2 4 2 2 5  1 6 3 . 6 7 1 0 5 2 1 5 4 . 8 3 5 2 1  1 . 2 5 0 1 0  1 0 1 . 6 26 1 3  
7 o . 3 7 4 g a  2 1 . 7 3 9 3 5  
8 0 . 8 1 5 6 4 3 7 . 1 6 7 5 6  
3 4 4 9 . 8 2 8 8 5 74 C O R R E C T I O N F A C TOR  I S  0 . 0 0 0 0 0 1 
TABLE IX ( continued) 
IT PGTC BUS VA ZETA z PG PGC 
l 0 . 5 0 0 0 0  4 8 . 0 0 0 0 0  9 2 9 . 4 1 5 5 3  3 . 5 2 5 1 0  1 6 9 . 2 0 4 74 
2 0 . 4 0 0 0 0  2 3 . 1 6 3 4 5  - 9 8 '1 . 0 2 4 4 1 C • .3 6 5 5 9  2 1 . 8 7 8 9 8  
3 0 . 3 5 C G G  2 6 . 9 6 7 4 1 - 0 . 0 0 0 9 8  0 . 1 1 6 4 7  o . o  
4 0 . 3 1 6 C O  3 0 . 0 0 0 0 0  - 6 3 7 . 6 7 6 5 1 0 . 2 7 8 0 4 8 . 3 4 1 2 0 
5 0 . 3 0 0 0 0  3 8 . 5 9 3 4 4  - 5 3 8 . 3 5 8 1 5  2 . 3 9 3 9 5 1 0 3 . 1 3 6 8 0  
6 0 . 2 2 3 94 1 1 4 . 2 8 1 2 8  1 2 3 5 . 6 4 4 5 3  1 . 04 1 6 8  7 2 . 8 9 7 1 4  
7 0 . 3 7 4 9 8  2 1 . 7 3 9 3 5  
8 0 . 7 0 5 6 5  3 2 . 0 7 7 2 7  
1 4  4 2 9 . 2 7 4 9 0 2 3  C O RREC T I O N F AC TOR  I S  0 . 0 0 0 0 0 1 
l 0 . 5 0 0 0 0  4 8 . 0 0 0 0 0  9 2 9 . 4 1 5 5 3  3 . 5 2 5 1 0  1 6 9 . 2 C 4 7 4  
2 0 . 4 0 C O O  2 3 . 1 6 34 5  - 9 a g . o z 4 4 1 0 . 3 6 5 5 9 2 1 . 8 7 8 9 8 
3 0 . 3 5 0 0 0  2 6 . 96 74 1 - 0 . 0 0 09 8  0 . 1 1 6 4 7  o . o  
4 0 . 3 1 6 0 0  3 0 . 0 0 0 0 0  - 6 4 3 . 5 5 3 2 2 0 . 2 7 8'0 4  8 . 3 4 1 2 0 
5 0 . 3 0 0 0 0  3 8 . 6 6 0 3 2  - 4 8 3 . 1 2 8 9 1  2 . 4 1 7 5 8 1 04 . 0 4 9 7 4  
6 0 . 2 2 2 1 0  1 1 1 . 6 3 4 9 0  1 1 8 6 . 2 9 1 9 9  1 . 0 2 8 5 8  7 1 . 4 1 8 1 1  
7 0 . 3 7 4 9 8  2 1 . 7 3 9 3 5 
8 0 . 6 9 7 4 2 3 1 . 7 2 5 9 5  
1 5  4 2 8 . 3 5 7 6 6 6 0  C O R R E C T I O N F A C T O R  I S  0 . 0 0 0 0 0 1 
1 o . s c o o o  4 8 . 0 0 0 0 0  9 29 . 4 1 5 5 3  3 . 5 2 5 1 0  1 6 9 . 2 0 4 7 4  
2 0 . 4 0 0 00 2 3 . 1 6 3 4 5  - 9 8 � . 0 2 4 4 1 0 . 3 6 5 5 9  2 1 . 8 7 8 9 8  
3 0 . 3 5 0 0 0  2 6 . 9 6 7 4 1 - 0 . 0 0 09 8  0 . 1 1 6 4 7  o . o  
4 0 . 3 1 6 G C  3 0 . 0 0 0 0 0  - 6 6 4 . 8 9 3 0 7  0 . 2 7 8 04 8 . 3 4 1 2 0 
5 0 . 3 C O C O  3 8 . 9 0 3 2 3  - 2 9 5 . 4 8 0 2 2  2 . 50 3 4 1  1 0 7 . 3 7 8 2 2  
6 0 . 2 1 8 2 2  1 0 2 . 7 3 3 5 4  1 0 1 9 . 9 8 3 1 5  0 . 9 8 2 4 1  6 6 . 4 7 1 6 8  
7 0 . 3 74 9 8  2 1 . 7 3 9 3 5 
8 0 . 6 6 6 4 2  3 0 . 4 4 0 1 6  
1 9  4 2 5 . 4 5 3 8 5 74 C O R R E C T I O N F AC T O R  I S  0 . 0 0 0 0 0 1 
TABLE IX ( continued) 
IT PGTC BUS VA ZETA z PG PGC 
1 o . s c o c o  4 8 . 0 0 0 0 0  9 2 9 . 4 1 5 5 3  3 . 5 2 5 1 0  1 6 9 . 2 0 4 74 
2 0 . 4 0 0 0 0  2 3 . 1 6 3 4 5  - 9 8 9 . 0 2 4 4 1 0 . 36 5 5 9  2 1 . 8 7 8 9_8 
3 0 . 3 5 0 0 0  2 6 . 9 6 7 4 1 - 0 . 0 0 0 9 8  0 . 1 1 6 4 7  o . o  
4 0 . 3 1 6 0 0  3 0 . 0 0 0 0 0  - 6 6 9 . 7 6 0 0 1 0 . 2 7 8 04 8 . 3 4 1 2 0  
5 0 . 3 0 0 0 0  3 8 . 9 5 8 6 2  - 2 5 5 . 4 9 7 3 1 2 . 5 2 2 9 8  1 0 8 . 1 4 0 2 3  
6 0 . 2 1 7 2 0  1 0 0 . 8 5 8 5 5  9 8 4 . 8 6 7 1 g  0 . 9 7 2 2 2  6 5 . 4 3 3 8 7  
7 0 . 3 7 4 9 8  2 1 . 7 3 9 3 5  
8 0 . 6 5 9 0 9  3 0 . 1 4 4 6 7  
20  4 24 . 8 8 2 5 6 8 4  C OR R E C T I O N F AC T O R  I S  0 . 0 0 0 0 1 0  
1 0 . 5 0 0 0 0  4 8 . 0 0 0 0 0  - 1 9 8 6 . 3 8 9 8 9  3 . 1 7 3 1 6  1 5 2 . 3 1 1 6 1  
2 o . 4 0 9 8 9  1 0 9 . 2 2 0 5 5  3 3 4 8 . 7 1 1 9 1  0 . 7 9 1 5 6 4 5 . 5 8 5 42 
3 0 . 3 5 0 0 0  6 7 . 5 9 5 6 6  - 0 . 0 0 2 9 3  - 0 . 1 5 0 1 1  o . o  
4 0 . 3 1 6 0 0  3 0 . 0 0 0 0 0  - - 2 0 9 1 .  6 8 9 9 4 0 . 2 7 8'0 4 8 . 3 4 1 2 0 
5 0 . 3 0 0 0 0  3 8 . 9 5 8 6 2  - 2 5 5 . 4 9 7 3 1 2 . 5 2 2 9 8  1 0 8 . l 4 0 2 3  
6 0 . 2 1 7 2 0 1 0 0 . 8 5 8 5 5  9 8 4 . 8 6 7 1 9  0 . 9 7 2 2 2  6 5 . 4 3 3 8 7  
7 0 . 5 6 9 7 2  2 7 . 5 7 0 3 3  
8 0 . 6 5 9 09 3 0 . 1 4 4 6 7  
2 1  4 3 7 . 5 2 70 9 9 6  C OR RE CT I O N F A C T O R  I S  0 . 0 0 0 0 0 1 
1 0 . 5 0 0 0 0  4 8 . 0 0 0 0 0  - 4 0 1 . 4 2 0 9 0  3 . 2 9 2 2 5  1 5 8 . 0 2 7 8 5  
2 0 . 4 0 6 5 4  6 2 . 4 5 5 8 1  9 9 0 . 1 4 1 6 0  0 . 6 3 3 1 9  3 2 . 2 2 1 8 0 
3 0 . 3 5 0 0 0 4 5 . 4 9 1 9 0  - C . O C 0 2 4 - 0 . 0 6 0 0 7  o . o  
4 0 . 3 1 6 0 0  3 0 . 0 0 0 0 0  - 1 3 1 8 . 0 9 0 3 3  0 . 2 7 8 04 8 . 3 4 1 2 0 
5 0 . 3 0 0 0 0  3 8 . 9 5 8 6 2  - 2 5 5 . 4 9 7 3 1 2 . 5 2 2 9 8  1 0 8 . 1 4 0 2 3  
6 0 . 2 1 1 2 0  1 0 0 . 8 5 8 5 5  9 8 4 . 8 6 7 1 9  0 . 9 7 2 2 2  6 5 . 4 3 3 8 7 
1 0 . 5 1 7 5 7  2 5 . 7 9 1 2 1  
8 0 . 6 5 9 09 3 0 . 1 4 4 6 "1 
2 2  4 2 8 . 1 0 0 3 4 1 8  C OR R EC T I ON F AC TOR  I S  0 . 0 0 0 0 0 1 
-...J 
-...J 
TABLE IX (continued) 
IT PGTC BUS VA ZETA z PG PGC 
1 0 . 5 0 0 0 0  4 8 . C O O O O  - 4 0 1 . 4 2 og o  3 . 2 g 2 2 s 1 5 8 . 0 2 7 8 5  
2 0 . 4 0 6 5 4 6 2 . 4 5 5 8 1 q a 9 . 1 6 5 0 4  0 . 6 3 3 1 9 3 2 . 2 2 1 8 0  
3 0 . 3 5 0 0 0  4 5 . 5 2 8 1 7  - 0 . 0 0 0 2 4  - 0 . 1 0 6 1 8  o . o  
4 0 . 3 1 7 3 2 3 0 . 0 0 0 0 0  - 1 2 82 . 8 8 1 3 5  0 . 4 4 0 5 2  1 3 . 2 1 5 69 
5 0 . 3 0 0 0 0  3 8 . 6 3 1 0 4 - 2 9 6 . 0 1 4 8 9  2 . 4 0 7 2 3  1 0 3 . 6 4 9 72 
6 0 . 2 1 1 2 0  1 0 0 . 8 5 8 5 5  9 9 1 . 1 5 2 3 4  0 . 9 7 2 2 2  6 5 . 4 3 3 8 7  
7 0 . 5 1 7 5 7 2 5 . 7 9 1 2 1 
8 0 . 6 5 9 0 9 3 0 . 1 4 4 6 7  
2 3  4 2 8 . 4 8 4 3 7 5 0  CORREC T I ON F AC T O R  I S  o . o c c o o 1 
l 0 . 5 0 0 0 0  4 8 . 0 0 0 0 0  - 4 0 1 . 4 2 0 9 0  3 . 2 9 2 2 5  1 5 8 . 0 2 7 8 5 
2 0 . 1+ 0 6 5 4  6 2 . 4 5 5 8 1 9 8 5 . 5 0 0 0 0  0 . 6 3 3 1 9 3 2 . 2 2 1 8 0 
3 0 . 3 5 0 0 0  4 5 . 6 6 4 3 1  - 0 . 0 0 0 9 8  - 0 . 2 7 8 3 4 o . o  
4 0 . 3 2 2 2 5  3 0 . 0 0 0 0 0 · - 1 1 5 1 . 8 7 3 5 4  1 . 0 4 9 5 9  3 1 . 4 8 7 7 8  
5 0 . 3 0 0 0 0  ] 7 . 4 0 8 4 9 - 4 4 6 . 8 1 3 9 6  1 . 97 5 2 4 8 7 . 2 2 5 5 9 
6 0 . 2 1 1 2 0 1 0 0 . 8 5 8 5 5  1 0 1 4 . 6 0 9 3 8  0 . 9 7 2 2 2  6 5 . 4 3 3 8 7  
7 0 . 5 1 7 5 7  2 5 . 7 9 1 2 1  
8 0 . 6 5 9 09 3 0 . 1 4 4 6 7  
2 7  4 3 0 . 3 3 2 2 7 54 C ORR E C T I O N F A C TOR  I S  0 . 0 0 0 0 0 1 
l o . s o o o o  4 8 . C O O O O  - 4 0 1 . 4 2 0 9 0  3 . 2 9 2 2 5  1 5 8 . 0 2 7 8 5  
2 0 . 4 0 6 5 4  6 2 . 4 5 5 8 1 9 8 2 . 9 8 7 5 5 0 . 6 3 3 1 9  3 2 . 2 2 1 8 0 
J 0 . 3 5 0 0 0  4 5 . 7 5 7 6 3  -0 . 0 0 0 7 3  -0 . 3 9 5 5 1  o . o  
4 0 . 3 2 5 6 1 3 0 . 0 0 0 0 0  - 1 0 6 3 . 0 8 1 7 9  1 . 46 6 4 4  4 3 . 9 < B l 9  
5 0 . 3 0 0 0 0  36 . 5 76 5 1  - 5 4 9 . 0 5 6 6 4 1 . 6 8 1 26 7 6 . 3 5 0 4 6  
6 0 . 2 1 1 2 0  1 0 0 . 8 5 8 5 5  1 0 3 0 . 5 7 2 5 1 0 . 9 7 2 2 2  6 5 . 4 3 3 8 7  
7 0 . 5 1 7 5 7  2 5 . 7 9 1 2 1  
8 
3 0  4 3 1 . 9 6 2 6 46 5 C O R R E C T I ON F A C TO R  I S  0 . 0 0 0 0 0 1 
0 . 6 5 9 0 9  3 0 . 1 4 4 6 7  
" 
ACC URAC Y C R I T E R I A  NO T S A T I S F I E D ex, 
affected. If bus 6 had been connected to other buses, the generation 
requirements on these other buses would have been affected also. The 
generation requirements on bus 6 decreased from 1. 31 to 0.97 while the 
generation requirements on bus 5 increased from 1. 96 to 2. 52. This 
indicates that it was more economical to generate power at bus 5 and 
transfer this power to bus 6 than � generate at bus 6, even though 
more power would have to be transferred from bus 5 than received at 
19 
bus 6 due to transmission losses. Iteration 20 differed from the first 
19 in that Z2 was the largest in magnitude. This indicates that a 
greater reduction in the total fuel input would be obtained from a 
change in the phase angle on bus 2 rather than from a change on any 
other bus. Thus, the phase-angle method . was performing as expected. 
In this first section, converging results were obtained, for the total 
fuel input ( or power generated total cost - PGTC in the computer 
program) decreased from 457.66 to 424.88 while the largest magnitude or · 
Zi decreased from 2454. J7 to 989. 42. Thus, the phase-angle method can 
be commended. 
An analysis of the second section of this solution, iterations 21 
through JO, shows that diverging results were obtained. The total fuel 
input increased for iteration 21, decreased for iteration 22, and then 
steadily increased for the remaining iterations. The largest magnitude 
of Zi increased for iteration 21; however, the l
argest magnitude of Zi 
steadily decreased for the remaining iterations. This steady decrease 
in magnitude of Zi would indicate converging results, but the total fuel 
input was not converging. This would suggest that the optimum 
generation schedule had been reached; and therefore, the iterations 
should have been stopped. However, this conclusion is not correct. 
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The magnitudes of Zi did increase for one iteration, thus causing 
erroneous diverging results to be obtained. Because the total fuel 
input was the only value to diverge, this value must be monitored 
within the computer program to determine whether converging or diverging 
results are being obtained. These values should also be used to deter­
mine when an optimum solution has been obtained. The computer program 
could easily be m.odif'ied to compare each total fuel input calculated 
w1 th its previous value. By monitoring these values, the program could 
be stopped if divergence occurs, or if the change in total fuel input 
becomes less than a predetermined value. This would be much better 
than monitoring the magnitudes of Zi, for the second section of the 
solution shown for the NWPS system would be of no practical value in 
obtaining the optimum generation schedule. 
The correction factor calculated in iteration 20 was 0.000010 
compared to previous values of 0.000001. This value of correction 
factor was too large, for it caused diverging results. Therefore, the 
method presented for determining the correction factor must be modllied. 
The method presented calculates a correction factor which gives 
in1 tially converging results. However, when the order of magnitude of 
the largest Zi decreased by one, the order of magnitude of the correc­
tion factor increased by one causing divergence. This portion of the 
computer program should be modified to correct this error. The following 
modification is suggested. Assume iterations l through 4 to give 
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converging results and iteration 5 to give diverging results. When the 
diverging results of iteration 5 occur, the computer should be made to 
retrace its steps back to iteration 4. The value used to initiate the 
correction factor before the correction is calculated (computer program 
statement CP=l. ) ,  should then be decreased in value. This will cause 
the correction factor calculated during the second calculation of 
iteration 4 to have a smaller value than the correction factor calcu­
lated during the first calculation of iteration 4. This smaller correc­
tion factor will cause a smaller correction in the phase angle being 
corrected, and divergence should not occur. If divergence still does 
occur, the computer should retrace its steps once again and .further 
decrease the value used to initiate ·the correction factor. If this 
modification were made, the value used to initiate the correction factor 
could be increased. If this value were made large enough to cause 
divergence for the second iteration, the computer program would calcu­
late the initial optimum correction factor and many iterations could be 
saved. For example, if the value 10 had been used to initiate the 
correction factor in the solution presented for the NWPS system, the 
phase angle on bus 6 would have been corrected to a value of 0 . 22256, 
and iterations 2 through 14 would have been eliminated. 
The generation requirements for the most - economical schedule 
obtained ( iteration 20) shows requirements exceeding the capacities of 
some of the generators. Therefore, the phase-angle must be revised to 
limit the amount of generation required on any bus. When the genera­
tion requirements on a bus exceed the generator capacity, that bus 
82 
should not be considered in the economic criteria. Rather, that bus 
should be considered along with the load buses, utilizing the method 
previously presented to handle a system in which two or more load buses 
are directly connected. 
CHAPTER V 
DISCUSSION 
This thesis analyzes the phase-angle method by applying it to 
actual power system data . The data used were obtained from the North­
western Public Service Company in the form of a system map showing 
BJ 
impedances , a load-flow diagram, and heat-rate performance character­
istics for the generators.  Engineering judgment was employed in 
determining which elements of this system were critical for a practical 
solution of the generation scheduling problem.. These critical elements 
were shown in Fig. J.  A computer program, based on existing programs, 
was written to perform the calculations required by the phase-angle 
method. This program was then revised to handle the NWPS system. The 
NWPS system differed from any system analyzed in the literature to date, 
in that each terminal was not connected to every other terminal, and 
some terminals were tie points between the NWPS system and other power 
systems. 
One of the revisions of the computer program utilized a matrix 
with elements of the form AA(I , J ) . Different values were assigned to 
the elements of this matrix depending upon which system element was 
being represented. The element AA(I, J ) was assigned a value of +l if 
terminal I was connected to terminal J, and a value of -1 if terminal I 
was not connected to terminal J.  When a bus was being represented, I 
and J were identical, and the matrix elements had the form AA(I, I) .  
The element AA(I , I) was assigned a value of -1 for generator buses, and 
a value of -11 for load buses. By utilizing various IF statements in 
the computer program, only the required calculations were performed. 
The solution obtained for the five-bus system utilizing this matrix 
revision was exactly the same as the solution for the four-bus system 
for which the matrix was not utilized.  This served to prove the 
matrix method to be accurate . In analyzing a larger system in which 
all terminals are not connected , this matrix method will reduce the 
required calculation time . 
A method was presented to calculate the incremental rate for a 
load bus , and this method was utilized in obtaining the solution for 
the NWPS system. It was shown that this method of calculating the 
incremental rate for a load bus will not work when two or more load 
buses are directly connected to one another. A method was presented 
to handle the latter condition. In this method , the inital assumptions 
for the phase angles on the load buses are corrected , such that the 
power available at each load bus balances with each bus requirement .  
During this balancing process , only load-bus phase angles are to be 
corrected.  When the load-bus powers are balanced, the economical 
criteria can be applied to determine the incremental rates for these 
buses . Then the phase-angle method can be applied to the system to 
determine which generator phase angle should be corrected. The load­
bus powers must then be balanced before a generator phase angle can be 
corrected again. This process can then be continued until an. optimum 
generation schedule has been obtained. 
Castillo and Johari each presented a different method for calcula­
ting the corrections needed on the various phase angles for rapidly 
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converging solutions to the economic scheduling problem. Both methods 
gave satisfactory results · for the arbitrary systems analyzed; however, 
both methods gave diverging results when applied to the NWPS system. 
Thus, a new method for determining the correction factor was devised. 
This new method gave converging results until the magnitude of the 
largest Zi became less than a critical value, usually slightly less 
than 1 ,000 in this study. Modifications for this new method of deter­
mining the correction factor were then presented. The optimum correc­
tion factor for rapid convergence does not necessarily have a unique 
value. Therefore, when the modifications presented are utilized, this 
method will determine the optimum correction factor needed in each 
iteration to give rapidly converging results. 
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Some of the generation requirements in the solution of the NWPS 
system exceeded the generator capacities. Thus, the phase-angle method 
must be revised to limit the amount of generation required on any bus. 
When the generator capacity is reached, that generator can no longer 
be considered in the economic criteria. Therefore, this generator 
should be considered along with the load buses in the method presented 
to handle a system in which two or more load buses are directly 
connected. 
The phase-angle method as it exists today does not take the reac­
tive loads into account. The following revision is therefore recom­
mended . The reactive power transferred between buses can be calculated 
from equations similar to those for the real power. To obtain a 
balance between the real powers transferred and the load requirements 
for real power , the voltage phase angles are adjusted. To obtain a 
balance between the reactive powers transferred and the load require­
ments for reactive po"W8r ,  the voltage magnitudes should be adjusted. 
The phase-angle method has but one restriction ; the voltage magnitudes 
must remain fixed throughout an iteration. Therefore, the voltage 
magnitudes and phase angles should be adjusted after each iteration 
until the load requirements for real and reactive power are met, and 
an optimum generation schedule has been obtained. 
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In conclusion it . may be stated that the phase-angle method 
analyzed in this thesis will give an optimum generation schedule for 
minimum fuel input. The only restriction placed on this method is that 
one voltage magnitude remains fixed for every iteration. This restric­
tion does not limit the application of the phase-angle method, for this 
restriction can be overcome by obtaining a second optimum schedule when 
a different voltage magnitude remains fixed. When the revisions 
discussed in this thesis are implemented, the phase-angle method should 
be able to handle the generation scheduling for a:ny power system. 
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